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Introduction

The model mathematics standards presented in this publication
identify the content that students need to learn and illustrate the type
of work they need to do at each grade level to show that they are
developing proficiency in mathematics.

Standards are not curriculum. They do not describe a full and compre-
hensive mathematics program or prescribe the kinds of experiences
students will need to develop a good understanding of mathematics.
Students need sufficient time, usually across several grade levels, to
develop the proficiency required to meet a standard that is included at
a particular grade.

These standards build on those developed by the New Standards!
project and those developed by the National Council of Teachers of
Mathematics (NCTM), which appear in Curriculum and Evaluation
Standards for School Mathematics (1989). The standards are also closely
aligned with the Mathematics Framework for California Public Schools
(California Department of Education, 1992). Six standards have been
identified for every grade level. They cover the same content areas as
do six of the eight standards used by the New Standards project.2 The
six standards are as follows:

Number and Operations

Geometry and Measurement

Function and Algebra

Statistics and Probability

Problem Solving and Mathematical Reasoning
Mathematical Communication
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1 New Standards is a collaboration of the Learning Research and Development Center of the
University of Pittsburgh and the National Center on Education and the Economy; in partnership
with states and urban districts, it is working to build an assessment system to measure students’
progress toward meeting national standards at levels that are internationally benchmarked.

2 The New Standards’ other two standards, “Mathematical Skills and Tools” and “Putting
Mathematics to Work,” have been incorporated into the six standards presented in this
document.



Each standard at every grade level, kindergarten through high school,
is composed of two parts:

Statement of the standard. The general statement for each standard is
the same across all grade levels, kindergarten through high school. The
bulleted items following the statement for each standard identify
examples of what students at the particular grade level should know
and be able to do to meet the standard. In the first four standards, work
examples are differentiated by grade level and are cumulative—the
assumption is that students can do work that meets the standards for
earlier grades. In two standards, those of problem solving and math-
ematical reasoning and of mathematical communication, the work
examples are similar across grade spans, kindergarten through grade
four and grades five through eight, and for each set of high school
standards.

Sample assignments or tasks related to the standard. Several samples
of assignments or tasks follow the statement of each standard. These
assignments or tasks are representative of the kind of work that stu-
dents at the specified grade level should be able to complete satisfacto-
rily. The samples are not necessarily intended to be assessment items,
nor are they as a whole intended to be a comprehensive set of activities
or tasks that cover the full domain of the content area.

High School Standards

The mathematics standards for high school identify the important
mathematics that students need to know and be able to do by the time
they graduate. The standards are based on the assumption that students
have completed at least two years of rigorous mathematics courses that
will prepare them for citizenship, for the workplace, and for further
study.

Many schools continue to offer algebra and geometry as the first two
courses in the college-preparatory sequence. Other schools, building on
the recommendations of the Mathematics Framework for California
Public Schools and the NCTM'’s Curriculum and Evaluation Standards for
School Mathematics, now offer a sequence of core courses in which the
mathematical content of each course is more integrated. To meet the
needs of all schools in California, this document presents the math-
ematics standards for high school in three sets: (1) algebra; (2) geom-
etry; and (3) an integrated sequence. Students will need to meet the
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standards for both algebra and geometry or the standards for the inte-
grated sequence. The standards are the same whether students take
algebra and geometry or the integrated sequence; the standards for the
integrated sequence are identical to the combined standards for algebra
and geometry.

Samples of Student Work

A few samples of student work, along with commentaries describing
the work and linking it with the standards, are provided after the
standards for grades four, eight, and high school. (The intent is to
include samples of student work at all grade levels in future editions of
this document.) The collection of work is illustrative of high-quality
work that can be done by students at a particular grade level. However,
the work samples do not establish levels of performance. A greater
guantity and variety of work would be necessary to determine whether
a student meets the standards.



(' Mathematics Standards )

Kindergarten

Standard 1.

Standard 2.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in kindergarten who meet the standard will:

< Count by rote up to 30.

Estimate the number of and count up to 20 objects.

Match the numeral with a collection of up to ten objects.
Compare two groups of objects (up to ten objects in each group)
and identify which group has more in it.

Combine groups of objects and count the total up to ten.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Count how many people brought something from home to share
with the class today.

2. Are there enough pencils in this box so that everyone at the table
can have one?

3. Vanessa brought three cans for the food drive, and Emilio brought
two cans. How many cans of food is that?

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in kindergarten who meet the standard will:

= Sort and classify simple two-dimensional shapes.
= Compare two objects by length and identify which is longer or
shorter or determine whether they are about the same.




Mathematics Standards—Kindergarten

Standard 3.

Standard 4.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Whois taller, Kim or Tyrone?

2. Match the lids with the containers. Which one goes on the marga-
rine tub? Which goes on the shoe box?

3. Which blocks can you stack to make a tower? Which blocks roll?
Which blocks can be put together with no spaces between?

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in kindergarten who meet the standard will:

= |dentify, extend, and build simple patterns.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. What comes next in these patterns?
Using beads. Red, red, blue, red, red, blue . . .
Moving and saying the motion aloud. Jump, clap, jump, stretch, jump,
clap

arangingsticks. | | NN\ | | \\ ...

2. The yellow and green tiles make a checkerboard pattern. Use more
tiles to make the pattern bigger.

3. Count the people in this group but say only every other number
out loud. For example, as you point to each person, say “one” to
yourself, say “two” out loud, say “three” to yourself, and so on.

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in kindergarten who meet the standard will:

= Participate in the construction of concrete and pictorial graphs.
= Pose questions for collecting data based on the immediate environ-
ment.



Standard 5.

Mathematics Standards—Kindergarten

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Inwhat ways do shoes fasten? Is anyone wearing shoes that do not
have a fastener? Do more students in the room wear shoes that tie
or shoes that fasten with Velcro? Let the children with these kinds
of shoes line up so that the class can see.

2. What kind of pets do you have? Do more children have cats or do
more have dogs?

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of
problems when given the basic statement of a problem situation.)

For example, students in kindergarten who meet the standard will:

= Use concepts and skills acquired through previous activities.
< Explain what materials to use, when possible.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in kindergarten who meet the standard will:

< Find a solution that is correct and makes sense.
= Tell what their solution is and how they know it works.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in kindergarten who meet the standard will:

= Show the solution with another material or in another way when
directed to do so. For example, show how a strategy for sharing a
given number of stickers can be used again when sharing beads for
stringing necklaces.




Mathematics Standards—Kindergarten

Standard 6.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Make a pattern by using some of these materials: pattern blocks,
buttons, color tiles, connecting cubes, beads, and so forth.

2. Here are some stickers for your group. Share them so that everyone
has the same amount.

3. Make a greeting card. What materials will you need, and how
much of each material will you need?

Mathematical Commmunication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of mathematical
communications of others.

For example, students in kindergarten who meet the standard will:

= Use appropriate mathematical vocabulary; for example, the words
for simple shapes, attributes, and numbers.

= Show ideas by using a variety of concrete materials, such as connect-
ing cubes, pattern blocks, buttons, beads, and color tiles, and by
pasting paper representations of materials.

< Explain strategies used in solving problems.

= Share ideas when probed by the teacher or dictate your ideas or
strategies to an adult for recording.

= Understand and follow oral directions for appropriate mathematical
activities.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Use oral language and physical materials to show how to take
numbers apart in order to solve problems when using mental math-
ematics. For example, a student might say, “I have two red buttons
and three yellow buttons, and that makes five” or “I have four
blocks; so | need one more to have five.”



( Mathematics Standards )

Grade One

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in grade one who meet the standard will:

= Compare two groups of objects (up to 20 objects in each group) and

identify which group has more or less in it and count how many
more are in one group.

Combine groups of objects up to a total of 20 objects and write the
correct addition equation.

Count orally by ones and tens to 100 and by twos and fives to 50
and write numerals to 50.

Separate up to 20 objects into two groups and write the correct
subtraction equation.

Figure out all addition facts (sums to ten) and related subtraction
facts, with and without the use of concrete objects, orally and in
writing.

Identify halves and wholes by using concrete objects in simple
situations.

Identify and give the value of common coins.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.
2.

How many more girls than boys are there in the class?

Count the buttons. How many are there? Now put some of them in
one pile and the rest in another pile. How many objects are in each
pile? How many altogether?

There were 12 crayons in the box, now there are eight. How many
are missing?

Hand me half of the cookie.

Here are eight marbles. Give Mario half and you keep half. How
many do you each get?




Mathematics Standards—Grade One

Standard 2.

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade one who meet the standard will:

= Sort and classify two- and three-dimensional shapes.

= Use words, such as “in front of” and “behind,” “right” and “left,” and
“above” and “below,” to represent the position and direction of
objects.

< Use nonstandard units to measure length by using a number of the
units end to end.

< Order three objects by length.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Reach inside the bag and, without looking, describe something
about the object in the bag. Is it round, flat, square, a cube, a ball, a
can? Reach inside the other bag and see whether you can find an
identical object.

2. Are the following shapes alike or different? How are they alike?
How are they different? Are there any shapes that look the same
but are different in size? Do any of them look as though they will fit
on top of each other? What if you turned them around or turned
them over? Cut them out and see whether you can make them fit
exactly on one another.

Ba ANT 205 qU Vv

3. How many paper clips do you need to measure the length of the
book?




Standard 3.

Standard 4.

Mathematics Standards—Grade One

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade one who meet the standard will:

= |dentify, extend, and build patterns.
= Translate patterns from one material or symbol to another.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Here is a pattern using shapes:

AOOOOOA

Can you change it to a pattern using colors?
Example: Red, blue, blue, yellow, yellow, yellow, red
How can you do the same pattern in a different way?
Example: ABBCCCA

2. Build a staircase with blocks as shown below. The first step has one
block, the second step has two blocks, and so forth. How many
blocks will there be in the seventh step?

Statistics and Probability

Students demonstrate their knowledge of basic skills, concep-
tual understanding, and problem solving in statistics and
probability.

For example, students in grade one who meet the standard will:

= Use concrete materials to organize small amounts of data.
< Fill in a symbolic graph based on a concrete or pictorial graph.
= Read simple bar graphs for information.




Mathematics Standards—Grade One

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

The graph shows the kinds of pets people have. How many more
people have dogs than have cats? How many people have a dog?
How many do not have a pet? What else do you know by looking

at the graph?
Rabbit Dog Cat Fish None
X X X X X

X X X X

X X X

X X X

X X

X

X

Standard5. Problem Solving and Mathematical
Reasoning

Students solve problems that make significant demands
in one or more of these aspects of the solution process:
problem formulation, problem implementation, and
problem conclusion.

Problem Formulation (Students participate in the formulation of
problems when given the basic statement of a problem situation.)

For example, students in grade one who meet the standard will:

= Use concepts and skills acquired through previous activities.
< Explain what materials to use, when possible.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade one who meet the standard will:

< Find a solution that is correct and makes sense.
= Tell what their solution is and how they know it works.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make



Standard 6.

Mathematics Standards—Grade One

connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade one who meet the standard will:

< Show the solution with another material or in another way when
directed to do so.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Each person at your table needs two stickers. Figure out how many
stickers your table needs.
2. What is a fair way to share the box of crayons?

Mathematical Communication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of mathematical
communications of others.

For example, students in grade one who meet the standard will:

= Use appropriate mathematical vocabulary; for example, words for
simple shapes, attributes, and numbers.

= Show ideas by drawing; by using words and numbers; by building
with a variety of concrete materials, such as connecting cubes,
pattern blocks, buttons, beads, and color tiles; and by pasting paper
representations of materials.

= Explain strategies used in solving problems.

= Share ideas—responding orally, when probed by the teacher, and in
writing and drawing (even though responses may lack some coher-
ence or organization).

= Understand oral directions for appropriate mathematical activities.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Use oral language and physical materials to show how to take
numbers apart in order to solve problems when using mental math-
ematics. For example, a student might say, “Five plus five is ten, and
one more makes 11” or “I'll take three from these four and put it
with the seven. Then | have ten, and one more that | have left
makes eleven.”
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( Mathematics Standards )

Grade Two

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in grade two who meet the standard will:

Count and write numbers up to 1,000.

Estimate the amount and count up to 100 objects by groups

(e.g., twos, fives, tens).

Mentally add the numbers 1, 2, 5, and 10 to numbers less than 100;
and mentally subtract the numbers 1, 2, 5, and 10 from numbers less
than 100.

Know basic addition and subtraction facts (sums to 10).

Use knowledge of place value (tens and ones) to find answers to
two-digit addition and subtraction problems.

Identify wholes, halves, and fourths of a simple shape or small group.
Analyze problem situations and use addition or subtraction appropri-
ately.

Identify and give the value of coins to one dollar.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

4.

Show a way to group these pennies so that it is easy to see whether
you have one dollar.

There are 27 children in Ms. Brown’s room and 29 in this room.
How many students will go on the field trip? Explain how you
found the answer.

Divide the cookie so that everyone at your table has the same
amount. There are three people at table A and four people at table
B. At which table do people have bigger pieces? How do you know?
Mentally add 45 + 5. What is 10 less than 33? What is 32 + 2?



Standard 2.

Mathematics Standards—Grade Two

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade two who meet the standard will:

Sort and describe shapes by common attributes, such as the number
of sides or faces.

Construct new shapes by putting shapes together or by taking shapes
apart.

Complete and make simple symmetrical designs.

Measure the length of objects by repeating a unit.

Use different units to measure the same object and predict whether
the measure will be greater or smaller when a different unit is used.
Solve simple problems involving duration of time.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Make larger squares by putting some square tiles together. How
many tiles did the larger square take?

Draw a picture of the large square you made to show how you put
the tiles together.

How many ways can you find to cover this shape with pattern
blocks?

Here is one paper clip. How many paper clips will you need to
measure the length of this stick?

Measure the length of the table by using two different units. Jody
and Jene found that the table was ten new pencils long. Will it
take more or fewer tiles to measure the length? Why? What is your
estimate of the number of tiles the table measures?

11
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Mathematics Standards—Grade Two

Standard 3.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade two who meet the standard will:

= |dentify patterns and extend and build patterns by describing and
using the rule for the pattern.

= |dentify simple relationships of equality and inequality with the use
of concrete materials.

< Use symbols to stand for quantities of concrete materials.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. How many eyes do ten people have? Look at the pattern: one
person has two eyes, two people have four eyes, and so forth.

2. Build staircases with blocks as shown below. The first has one step,
the second has two steps, and so forth. How many blocks do you
need to build the next one?

L] | I

3. Here is a number sentence that represents all the ways in which
you can add two numbers to get ten. What number can you put in
the box and what number can you put in the triangle to make the
sentence true? Can you find two other numbers? Any more?

+/\ = 10




Standard 4.

Mathematics Standards—Grade Two

Statistics and Probability

Students demonstrate their knowledge of basic skills,

conceptual understanding, and problem solving in statistics

and probability.

For example, students in grade two who meet the standard will:

= Collect and organize data and display the data in simple graphs
and tables.

= Compare data in order to make true statements on simple graphs.
= Classify events as likely or unlikely.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. The graph shows the kinds of pets people have. How many more
people have dogs than have cats? Look at the graph and make
another statement that you know is true.

Rabbit Dog Cat Fish None
X X X X X

X X X X

X X X

X X X

X X

X

X

2. What are two things that might happen tomorrow? What are two
things that probably will not happen tomorrow?

13
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Mathematics Standards—Grade Two

Standard 5.

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of

problems when given the basic statement of a problem situation.)

For example, students in grade two who meet the standard will:

= Use concepts, skills, and strategies acquired through previous
activities.

= Explain what materials to use, when possible.

< Draw sketches to model problems.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade two who meet the standard will:

= Find a solution that is correct and makes sense.
< Tell and write their solution and how they know it works.

Problem Conclusion (Students provide closure to the solution process

through summary statements and general conclusions and make

connections to, extensions to, and/or generalizations about related

problem situations.)

For example, students in grade two who meet the standard will:

= Show the solution with another material or in another way when
directed to do so.

= Compare the problem with other problems they have solved and tell
how it is related.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. The class will make greeting cards, and everyone will need two
stickers. How many stickers are needed for the whole class?

2. Divide the cookie so that everyone at your table has the same
amount. There are three people at table A and four people at table
B. At which table do people have bigger pieces? How do you know?

3. How many ways are there to cover this shape with pattern blocks?



Standard 6.

Mathematics Standards—Grade Two

Mathematical Communication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of mathematical
communications of others.

For example, students in grade two who meet the standard will:

Use appropriate mathematical terms, vocabulary, and language
acquired in prior conceptual work.

Show ideas in a variety of ways, such as by using drawings, words,
numbers, symbols, and simple graphs and tables and by building with
a variety of concrete materials.

Explain strategies used in solving problems.

Share ideas orally, when probed by the teacher, and in writing and
drawing.

Present ideas appropriately when instructed to respond to a particu-
lar audience or for a particular purpose.

Understand oral and simple written directions for appropriate
mathematical activities.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Use physical materials, diagrams, pictures, and words to show how to
take numbers apart in order to solve problems when using mental
mathematics. For example, when adding 26 and 45, a student might
say, “Twenty plus 40 is 60, and 6 plus 5 is 11, and 60 plus 11 is 71.”
Or the student might say, “Twenty-six is like 25 and 1. So 25 and 45
is 70 and plus 1 is 71.”

15
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(' Mathematics Standards )

Grade Three

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in arithmetic
and number.

For example, students in grade three who meet the standard will:

Know addition and subtraction facts (sums to 20).

Use knowledge of place value to name, write, and show quantities in
the hundreds and thousands.

Add and subtract two- and three-digit numbers.

Find the answers to simple multiplication problems by using re-
peated addition, counting by multiples, combining things that come
in groups, making arrays, and using area models; and find the
answers to simple division problems by putting things into groups
and sharing equally.

Analyze problem situations to figure out when to add, subtract, and
multiply.

Estimate, approximate, or use exact numbers, as appropriate, in real-
life situations.

Find fractions (halves, thirds, fourths) of a whole and of groups of
objects.

Use recall, mental computations, pencil and paper, measuring
devices, mathematics texts, manipulatives, calculators, computers,
and advice from peers, as appropriate, to achieve solutions.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.
2.

What coin combinations will make 75¢?

Find the answer to this problem and explain how you solved it:
How much money does Sara need to save to have $10 if she
already has $6.45?

The class will form four teams. How many students will be on each
team?



Standard 2.

Standard 3.

Mathematics Standards—Grade Three

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade three who meet the standard will:

= Describe three-dimensional objects in terms of their two-
dimensional faces.

= Describe movement in space by using distance, directions, and turns.

= Estimate and correctly measure the length of common objects in
standard units.

= Solve problems involving durations of time.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Give and write simple directions, such as how to go from the
classroom to the office.

2. Estimate and measure the length and width of a book and of your
desk in centimeters.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade three who meet the standard will:

= Use a function rule to solve simple problems.

= Recognize an equality relationship and build one with concrete
materials; for example, make two lumps of clay equal on a balance
scale.

= Use symbols to stand for quantities in simple situations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. How many wheels are on six tricycles? Is there a rule you can use to
find out how many wheels are on 11 tricycles?
2. What is the value of your name if A = 1¢, B = 2¢, and so forth?

17



18 Mathematics Standards—Grade Three

Standard 4.

3.

Here are staircases built with blocks. The first staircase has one
block, the second staircase has three blocks, and so forth. How
many blocks do you need to build a staircase with seven steps?
Can you figure it out without building the staircase? Is there a
number pattern for building the staircases?

L] |

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade three who meet the standard will:

Collect and organize data and display the data in diagrams, graphs,
charts, and tables.

Compare data in order to make true statements.

Make simple inferences about data.

Describe the situation of certain events that occur more often than
others do; for example, red comes up more often on a spinner that is
one-half red, one-fourth blue, and one-fourth yellow.

Find possible combinations and arrangements involving a limited
number of variables.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

A survey shows that very few students in grade three bought
spaghetti in the school cafeteria on Monday. Does that mean that
students in grade three do not like spaghetti? Could there be
another explanation?

There are three blue blocks in the bag. Can you be sure what color
block you will pull out? Add one green block in with the blue. Now
can you be sure which color you will get? Why?

Tim has three shirts (plaid, striped, and plain) and two pairs of
pants (khaki and black) to wear to school. How many different
outfits can he wear?



Standard 5.

Mathematics Standards—Grade Three

4. Here are two displays of the data gathered in response to the
question, “What pets do we have?” What kind of information do
you know by looking at the first graph that is not available from
the second graph? What information is more obvious from the
second graph?

Rabbit Dog Cat Fish None
X X X X X

X X X X

X X X

X X X

X X

X

X
Have a pet XXXXXXXXXXXX

Donothaveapet X X X X X

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)

For example, students in grade three who meet the standard will:

= Use concepts, skills, and strategies acquired through previous
activities.

= Use previously learned strategies, skills, knowledge, and concepts to
make decisions.

= Use strategies, such as using manipulatives or drawing sketches, to
model problems.

19



Mathematics Standards—Grade Three

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade three who meet the standard will:

= Make up and use a variety of strategies and approaches to solve
problems and understand approaches that other people use.

= Find a solution that is correct and makes sense.

= Defend their reasoning by explaining how their solution works or
how they solved the problem.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade three who meet the standard will:

= Show the solution with another material or in another way.
= Compare the problem to other problems they have solved and tell
how it is related.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Here are staircases built with blocks. The first staircase has one
block, the second staircase has three blocks, and so forth. How
many blocks do you need to build a staircase with seven steps?
Can you figure it out without building the staircase? Is there a
number pattern for building the staircases?

| |

2. The class will make greeting cards, and each person will need two
stickers. Stickers come in packs of eight. How many packs are
needed for the whole class?




Standard 6.

Mathematics Standards—Grade Three

Mathematical Communication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of mathematical
communications of others.

For example, students in grade three who meet the standard will:

= Use appropriate mathematical terms, vocabulary, and language
acquired in prior conceptual work.

< Show ideas in a variety of ways, such as by using words, numbers,
symbols, pictures, charts, graphs, tables, and diagrams and by build-
ing with a variety of concrete materials.

= Explain strategies used in solving problems and support solutions
with evidence in both oral and written form.

= Present ideas appropriately when instructed to respond to a particu-
lar audience or for a particular purpose.

= Understand oral and written directions for appropriate mathematical
activities.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Use physical materials, diagrams, pictures, and words to explain
how to take numbers apart in order to solve problems when using
mental mathematics. For example, when multiplying six by five, a
student might say, “My drawing shows 5, 10, 15, 20, 25, 30.”

15
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Or the student might say, “I know that five times five is 25 and one
more five makes 30.”
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( Mathematics Standards )

Grade Four

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in grade four who meet the standard will:

= Know multiplication facts up to 10 x 10.

= Add and subtract whole numbers.

= Find correct answers to whole-number multiplication and division
problems.

= Demonstrate understanding of the place-value system and use this
knowledge to solve arithmetic tasks; for example, 36 x 10, 18 x 100,
7 x 1,000, 4,000 + 4.

< Estimate, approximate, round off, or use exact numbers, as appropri-
ate, in calculations.

< Describe and compare quantities by using simple fractions and
decimals.

< Describe and compare quantities by using whole numbers.

= Use recall, mental computations, pencil and paper, measuring
devices, mathematics texts, manipulatives, calculators, computers,
and advice from peers, as appropriate, to solve problems.

= Count and exchange money and solve problems involving addition
and subtraction of money.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Estimate and then calculate:

0 The number of beans in the cup
O The number of ceiling tiles in the room
0 The number of wheels on 37 tricycles

2. Make up astory that goes with 27 x 36 and calculate the answer.



Standard 2.

Mathematics Standards—Grade Four

Put together fraction pieces (e.g., ¥, s, 14, and ¥/,) in various
ways to make a whole.

Organize a budget for a project.

Find the answer to this problem and explain how you solved it:
The class has saved $85. How much more money does the class
need to buy 8 balls at $15 each?

Explain how to share 25 as equally as possible in each of these
situations:

0 Four friends share 25 balloons as equally as possible.
O Four friends share $25 as equally as possible.
O Four friends share 25 cookies as equally as possible.

Decide whether to use a calculator, paper and pencil, or mental
arithmetic to find the answers to the following problems. Explain
why you chose the methods.

0 6 x 6,000,000

O 13x25

0O 850+ 23

O $3.95 + $0.59 + $22.89

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade four who meet the standard will:

Identify geometric shapes and use the terms correctly; for example,
triangle, square, rectangle, rhombus, parallelogram.

Identify, classify, and name geometric figures by specific shape
properties; for example, symmetry.

Solve problems by showing relationships between and among
figures; for example, by using congruence and similarity and by using
transformations, including flips, slides, and rotations.

Select and use appropriate units for measuring length in both the
customary and the metric systems.

Use models to solve problems related to the perimeter and area of
rectangles in simple situations.

Carry out simple unit conversions; for example, between centimeters
and meters and between hours and minutes.
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Standard 3.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Calculate the areas of rooms when designing a floor plan for a
dream house.

Find all the shapes you can make with five squares if the sides
touch completely.

Identify attributes of triangles.

Create symmetrical designs with pattern blocks and indicate lines
of symmetry.

Figure out the approximate area and perimeter of the bottom of a
shoe.

Order five objects, such as books, rocks, or pumpkins, by weight; do
so first by estimating, then by measuring exactly.

Use tiles and find the perimeters of all the rectangles that have an
area of 24 square units.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade four who meet the standard will:

Build iterations of simple numerical (linear and nonlinear) patterns,
including multiplicative and squaring patterns, with concrete
materials.

Show that an equality relationship between two quantities remains
the same as long as the same change is made to both quantities.
Use letters, boxes, or other symbols to stand for any number, mea-
sured quantity, or object in simple situations involving concrete
materials; that is, students demonstrate an understanding of and use
a beginning concept of a variable.

Use the mathematical symbols +, —, x, +, /, $, ¢, %, and . (decimal
point) correctly in number sentences and expressions.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Use a table to record functions, such as how many chairs fit at how
many tables.



Standard 4.

Mathematics Standards—Grade Four

2. Find, make, and describe patterns on the 100 chart; for example,
patterns made by multiples of numbers or by additions of 10 to a
starting number (4, 14, 24, 34, etc.).

3. Observe and record, in a two-column table, multiplicative patterns
with concrete materials; for example, record how many regions are
produced by increasing the numbers of folds of paper.

4. Build the fourth, fifth, and sixth iterations in the following
sequence:

]

5. Plot points on a coordinate graph according to the convention that
(x, y) refers to the intersection of a given vertical line and a given
horizontal line.

6. Use variables to show all the ways of making 10 by adding two
whole numbers; that is, x +y = 10.

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade four who meet the standard will:

= Collect and organize data and display the data in charts, tables,
diagrams, and graphs.

= Use data to answer a question or test a hypothesis.

= Compare data in order to make true statements and draw simple
conclusions based on data.

= Gather data to understand the concept of sample; for example, that a
large sample leads to more reliable information.

= Predict and find out why some outcomes are more likely, less likely,
or equally likely to occur.

= Find all possible combinations and arrangements involving a limited
number of variables.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Generate a survey question (e.g., How many people are in your
family? What is your hair color? What is your favorite pizza top-
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ping? What do you do at recess?); predict the results; conduct the
survey; organize and graph the data; and write true statements
about your findings.

2. ldentify a need (e.g., the purchase of new library books) and collect
data in order to make a recommendation.

3. Conduct a sampling, then make a conjecture (e.g., How many
raisins are in a given box taken from a set of boxes? What colors of
tiles are in a bag? What fraction of spins will land on a certain
space on a given spinner?).

4. Investigate the temperature during the entire school year.

5. Investigate the possible and likely or unlikely outcomes of rolling
two number cubes by rolling them and recording the sums.

6. Find and record all combinations of three ice-cream flavors and
two toppings.

7. Use a Venn diagram to record the number of students who wore a
sweater to school and the number of students who walked to
school.

8. Plan and conduct a probability study that compares the results of
using three different spinners, such as those shown here:

(DD
2|V
9. Compare the growth of a set of plants under a variety of condi-

tions; for example, different amounts of water, fertilizer, and
duration of and exposure to sunlight.

Standard5. Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these as-
pects of the solution process: problem formulation, problem
implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)
For example, students in grade four who meet the standard will:

= Explain decisions about the approach, materials, and strategies to
use in solving the problem.
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= Use previously learned strategies, skills, knowledge, and concepts to
make decisions.

= Select strategies, such as using manipulatives or drawing sketches, to
model problems.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade four who meet the standard will:

= Devise and use a variety of strategies and approaches to solve
problems and learn approaches that other people use.

= Make connections among concepts in order to solve problems.

= Solve problems in ways that make sense and explain why those ways
make sense; for example, defend the reasoning, explain the solution.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade four who meet the standard will:

= Explain a pattern that may be used in similar situations.

= Explain how the problem is similar to other problems the student
has solved.

= Explain how the mathematical concept used in the problem is
similar to other concepts in mathematics.

= Explain how the solution may be applied to other school subjects
and in real-world situations.

= Generalize the solution to form a rule that applies to other circum-
stances.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. You may use between zero and three stickers on your greeting card.
Determine how many stickers your group needs, collect data for the
whole class, and give the teacher the shopping list. Figure out the
cost of all the stickers (from a given price list).

2. How high would a stack of 1,000,000 pennies be?

3. How many handshakes would there be altogether if five people in a
room were to shake hands with each other just once?

4. Suppose the small triangle of a tangram is worth one cent and the
parallelogram, which can be made by putting two small triangles
together, is worth two cents. What is the value of each of the other
pieces of the tangram?
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Standard 6.

Mathematical Communication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of mathematical
communications of others.

For example, students in grade four who meet the standard will:
= Use appropriate mathematical terms, vocabulary, and language

acquired in prior conceptual work.

Show ideas in a variety of ways, including words, numbers, symbols,
pictures, charts, graphs, tables, diagrams, and models.

Explain solutions to problems clearly and logically and support the
solutions with evidence in both oral and written form.

Consider the purpose and audience when communicating.
Comprehend mathematical concepts from reading assignments and
from other sources.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Explain to a student in first grade or to a visitor from outer space
why 34 + 17 # 3417.

Use words, numbers, or diagrams to explain how to take numbers
apart in order to solve problems when using mental mathematics.
For example, when multiplying 25 by 6, a student might say: “20 x
6 =120, and 5 x 6 = 30; 120 + 30 = 150.” Or the student might
say: “25 x 4 = 100, and 25 x 2 = 50. So the answer is 150 because
100 + 50 = 150.”

Give an oral presentation of a preliminary investigation of the
classification of shapes in order to get peer feedback; then revise
the classification scheme to make it clearer.

Prepare a report, including graphs, charts, and diagrams, on the
optimal number and location of recycling containers by using data
from the classroom and the entire school.



(Samples of Student Work)

Grade Four

This section contains examples of several mathematical tasks with
samples of student work for each task. Each task is organized as follows:

= Task gives the directions for completing the assignment.

< Mathematics in the Task identifies the Challenge Standards addressed
in the task (usually more than one) and describes the specific
mathematics that students will encounter in completing the task.

= Setting describes the situation (in-class, homework, etc.) and the
time frame in which the sample work was completed.

= Samples of Student Work describes the mathematics evident in each
student’s work.

Taken together, this collection of tasks is not intended to be a test or
an assessment of the mathematics standards for students in grade four.
The tasks do not cover the full range of mathematical concepts that
students need to know, understand, and be able to apply. They are
merely examples of what might be included in an assessment or given
as classroom assignments.

Most of the tasks are quite small; generally, they are assignments that
may be done in class, as homework, or over a one-week period. Because
most of the work is from only a few classrooms and was not intended as
a formal assessment, this document does not identify performance levels for
the tasks. Teachers from different classrooms, schools, and districts need
to work together to establish performance levels for formal assessments
that will be used to determine whether a student has met the math-
ematics standards. No single task can provide sufficient information to
assess whether a particular student has met a standard. A collection of
work from a student will need to be assessed to make a valid judgment.

The samples of student work included with each task are intended to
be illustrative of high-quality work that can be done by students in
grade four and may be considered as some evidence that the students
are progressing toward meeting the mathematics standards. The work
samples are not in each student’s handwriting—they were typed into a
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computer. However, they contain the actual words (and the spelling)
and calculations used by the student; and they reflect, as much as
possible, the student’s drawings, format, and placement of work.
Comments about the work describe the mathematical concepts and the
approaches the students used as well as any errors they made. Most
errors identified in the students’ work are minor. The commentaries do
not include the way in which the classroom teacher addressed the
errors with students. Most tasks include work from different students.
The work of a few students is included for a number of tasks. For
example, samples of Mike’s work (names are fictitious) are shown for
several tasks.

The comments about student work in this document are quite detailed:;
however, teachers are not expected to write commentaries similar to
these about an individual student’s work. Teachers and students are
expected to think carefully about the mathematics involved in the
assignments and tasks they do in their classrooms and the evidence of
mathematical knowledge and understanding clearly demonstrated in
the student’s work. Teachers may want to use the sample tasks and
student work shown here as they discuss what the standards mean, how
they are reflected in the classroom program, and the way in which they
are exemplified in the work students do.



Task:

Samples of Student Work—Grade Four

Bricking a Backyard

There once was a man named Rick. He had a backyard of dirt. He
wanted to buy some bricks to cover the dirt. Each brick was 6 inches
long and 6 inches wide. His backyard was 9 feet by 10 feet. How many
bricks will Rick need to buy? (This task was written by a student in the
class.)

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X

The task requires that students understand the concept of area and how
a region may be covered with tiles (bricks). Students may connect their
understanding of area to the array model for multiplication. Some
students may determine the number of bricks needed for a one-foot
square, then calculate (using multiplication) the number needed for
the entire backyard. Students must recognize that the brick’s dimen-
sions are given in inches and the backyard’s dimensions in feet and
make a correct conversion. Students need to explain their thinking and
reasoning.

Setting

This problem was a two-night homework assignment. Students were
expected to explain how they determined the answer and why the
answer was correct.
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Samples of Student Work: Mike and Nigel

Mike’s work includes a diagram labeled to show that four 6-inch bricks
cover 1 square foot. The work includes a statement, but does not
explain how Mike knew, that the area of the backyard is “9 ft x 10 ft,”
or “90 of these 1 ft x 1 ft squares,” and then the statement that

“90 x 4 = 360.” His work contains a drawing of a grid (not included in
the example) showing the 360 bricks on a 9 by 10 rectangle. The
mathematics in the work is correct; and the explanation is brief, clear,
and easy to follow.

Nigel’s work shows the detailed the process Nigel went through to
determine the correct answer. The narrative relates this task to an
earlier class activity and includes the generalization that “if | multiply
the dimensions | will get the area.” The work also relates the backyard
to a big array. The work shows the multiplication calculation Nigel
used to find the area of the backyard and shows the dimensions labeled
with the correct units; that is, ft. for the dimensions and sq. ft. for the
area. It also shows that Nigel then multiplied the area by four and
justified the multiplication by showing in a diagram that four bricks
“will fit in perfectly” in 1 square foot. There is a labeling mistake in the
final calculation, which identifies 360 as sg. in. instead of bricks.
However, in his summary Nigel correctly stated, “My answer is 360
bricks.” Nigel's mathematics is correct, and the explanation is clear and
easy to follow.

Mike’s Work (Bricking a Backyard)

B("uc\imcj* a Bac\i 5’0(‘3

\ Pk Trere are B0 bewruse Y G x G bricks Pt
Together Yo make a sqpare That s | €+ x| €%

<.9=><.9>

Wt vwold take 9O of these | €1 x | €4 sqyJares
Yo aver a 4 €1 x | O €1 backyard.
< 90 x Y = 360.
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Nigel’s Work (Bricking a Backyard)

Rk \wonts to Yow Wow mony bricks vl €iF n Ws yard, s yord s A feet
by | O €eet and eadn brick s & nidres by & wndnes. \m beng osked Yo €nd o
many bricks Rick needs.

Fiest | €ond te area of Riks yora. W

1O €t 8
actwity before | €ond that € | multiply the rensions

x4 €t
dmensons |\l %t the area 40 s twe area. \ orea 0 s, €t
Trought of ¥ as beng a big array. Then \ mu\’r‘wp\\ec? x Y
Twe area by Y. 360 3 "

\ 33 ot becruse | Tk a sqJore pﬁe‘\’en&vxﬁ

T 5@6 in. ¥ wwos a pece o€ Riks yord, and mesred

. 5 o€€ \here the bricks Wil o0 and Y bricks

\L Protier vy Yo €igure out this prob\e.m

— : s make twe big array and awnt.
—1ft—>3) 9

Tws prodlem might Welp me n real life by Makng a bridk \wall or \what
Rk s bu'.\&ng \t Welps me by €igurng out Wow moany bricks | need to et
Yy answwer s 200 bricks.

Task: Symmetrical Quilt

Design a quilt, made of 16 squares, that has at least 4 of the following
characteristics:

= Uses at least 2 but no more than 3 geometric shapes
Has a line of symmetry

Shows a flip, slide, or turn of a basic component

= Has a repeating pattern

Shows congruence or similarity of a shape

Draw a picture of the quilt design and accompany it with a detailed
explanation of your design and the mathematical ideas it shows.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication

X X X X
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Students need to show that they understand and can correctly use
geometric terminology. They must design a pattern that shows their
understanding of a number of geometric concepts, including symmetry,
congruence, similarity, and transformations. They need to communi-
cate their mathematical reasoning.

Setting

This assignment was given as a class assessment at the end of a unit on
geometry. Students began their design process in class and had three
days to complete the task as homework. Their write-ups were done in
class. Students were given an opportunity to revise their work after the
teacher’s review.

Samples of Student Work: Mike, Babette, and Carmen

Mike’s work shows that he has a beginning understanding of geomet-
ric concepts that is appropriate for a student in grade four. The work
shows that Mike began with a rather complex design for an individual
square and repeated it 16 times to form a four-by-four quilt. The basic
square is divided by two diagonals into four triangles. The design inside
each triangle has two trapezoids, three triangles, and an irregular
hexagon, which is referred to as a “six-sided” shape. The triangular
design is rotated around the center of the basic square so that each
square has bilateral and rotational symmetry.

The triangular design was made by sketching, with no indication of
measurements or proportions among the inside shapes. The labeled
drawing indicates that Mike recognized that there are two trapezoids
even though one of the trapezoids is flipped. There is no indication
whether he knows that the six-sided figure is called a hexagon. (A
student in grade four is not expected to recognize that the hexagon in
this sketch cannot be a regular polygon.)

The work includes a statement, and indicates with arrows in a drawing,
that all four triangles (one large and three small) are similar—a state-
ment that may or may not be true. The work does not indicate whether
the two small bottom triangles are the same size as the top triangle. (By
looking at the drawing and considering the relationships among the
figures, one would conclude that the bottom triangles are probably
larger.)

In the work the basic square is repeated 16 times. A note indicates that
the left side may be flipped to the right. Mike may not be aware that a
flip indicates a line of symmetry or that the large quilt has all the same
lines of symmetry that the basic squares have.
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Mike’s Work (Symmetrical Quilt)

\nMyc\ass\mcs\‘e)fom\leaq'u.\?sq'wemaf\«x‘s'-s\now\&émhe.

1 2 3 4
516 7 8
9 10 | 11 12
13114 |15 | 16
1’r'-m5\e

\vave LG sq,ores Wy q‘u-\f sq,\Jore.

W\ eadn sqJore tere are Y ?r'mg\es.

~L \Wsde of eadn fr'mﬁ\e. ere are 2
axsder ‘l’rapezo'és 3 ‘\’r'm::)\es and | s sded
fropezd&s s\aape

\\
\ dso \ave Y hes of synetry n
eadn sq\ore | vertd, | \orzonta and A
2 dagpnel /

/ \

W eadn of ™My squore there are 4 big trangle P big tronge
n eadn big Tr'.ans\e, Pere s 3 small 1’(".cv\<3\e. &
These are swlor h"ms\es.

YV\, repeatng pattern \as one &s.sn ot goes 1\
small

on and on.

("\./ &as‘@n es all over my gt square
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Babette’s work shows a complex design for the quilt that starts in the
center with eight parallelograms and radiates symmetrically outward.
This design is more complex than those made by many students in
grade four. The design uses triangles, squares, and parallelograms as the
three building shapes. Many of the pieces (i.e., parallelograms and
squares) cross the boundaries of the 16 squares that make up the
structure of the quilt. Even though there are some incorrect conclu-
sions in the work, the narrative indicates Babette’s understanding of
some geometric concepts. For example, the work indicates that Babette
understands the concepts of congruence and similarity. However, there
is an incorrect conclusion in the statement that two parallelograms
“are the same shape but not the same size.” That conclusion may have
been made because the design was not drawn on squared paper or
because the inclusion of the lines of the 16 original squares may have
made the size of the parallelograms appear not to be the same. Babette
may not understand the difference between flips and turns (reflections
and rotations) because she used the word flip and stated that the quilt is
the same when it is “turned on its side” (a 90° rotation). A note
indicates that the quilt has horizontal and diagonal symmetry but there
is no mention of vertical symmetry (which may be the flip referred to
earlier).

Babette’s Work (Symmetrical Quilt)

\ Wad To moke a math guilt and pick €our mathh Things tat are n your
q}u’.\t Then prove That ey & \nave T\ose €our T\/\'-ncjs oo q}u\\t Yere s
oy |\ prove gt \ \Wave spmetry, Three geometric shapes, congruent oand
smilar shapes, and that my quilt cn be €lpped.

T T i .

SIS IN\A A { S| s L.\ Used triangles. parelelagrams, and
ST\ <\ Vs sqpaves vy mathh quilt.

P s 1N s | %
T ——

P P A IN\.P ! ) = Triangles

P P S = sqyares
P s P § P= ?cme\\e\agrms
P
A S
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Pabette

Samples of Student Work—Grade Four
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Carmen’s quilt shows a fairly simple “heart” design and only a vertical
line of symmetry, which Carmen recognizes but does not show. Four of
the 16 squares in the quilt are all one color. Six of the squares are cut
in half on the diagonal. Triangles, trapezoids, and squares are used to
make the design.

Carmen’s Work (Symmetrical Quilt)

YV\Y q}u‘.\i’ sqyare onsists ot three s\opes 1’(\'0«\9\&;) frap\zo\és, and sqyares,
There are o wre T three geometric shapes used n Twis QAT sagsare.
Semné\% it \os a lne of symetry ing \/ex‘hc\\/ wn dwection.

T\n\ré\\/) s ault square Xes s\ow a é\\p of the buasic component 5

but . . . there are separate €\'\P ée.s'.cjr\s €or the Yop and bottom.
The \Whole q}u‘.\i’ ontans Y of the sh/\es e dsoussed.
Ve wnduded a somp\e, QT sayare €or you Yo fest vt \Ve said.
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Samples of Student Work—Grade Four

Sharing Problems

Find and explain the answer for each situation. You may use pictures,

diagrams, numbers, and words.

1. A group of children wanted to share a balloon bouquet. There were
four children and 29 balloons. How can they do this? How many
balloons will each get?

2. Matt, Lupe, James, and Michael found $29.00 on the sidewalk.
How can they share this amount? How much money does each boy
get?

3. A package of cookies contains 29 cookies. How can Kim, Vivian,
Jessica, and Sabrina share them so that each gets the same amount?

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X

Each of the three situations involves the division of 29 by 4. However,
the way in which the remainder is interpreted is different in each
situation; that is, the remainders are a whole number, a decimal
(money), and a fraction. Students need to understand the situations,
realize that each situation calls for division, find the correct answer,
and represent the remainder in a way that is appropriate for the situa-
tion.

Setting

This task was a classroom assignment that was completed in less than
one class period.
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Samples of Student Work—Grade Four

Samples of Student Work: Nigel

Nigel’s work shows he has an understanding of the three situations
and how each situation can be interpreted as division (e.g., “dividing
the 29 balloons into four equal parts™). The work shows the use of a
combination of numbers, diagrams, and words. In each situation the
remainder is identified and represented in a statement using the
appropriate form: whole number, decimal, and fraction.

Nigel’s Work (Sharing Problems)

\ Yovw H daidren ot to share 29 balloons. T\ne»/ an o Tis by Qk\fé\na
e 29 balons wto €or eq)ua\ pocts.

B L.

000 O0p
000\ /LO0 QO ot
0600)(00C\ 990 )(CC00) = i

Y group. ) Ydlns n eadn group

52 7 el doons
4 | X B A o st 7) bdlons and
-8 e extra one needs Yo be pope)
|

We Ynow Y boys €ond £29.00 and vwont Yo s\are it T\m@-// cwon s\ware 1T
b./ 3’.\/;3\(\3 T ot Y eq}ua\ PO(‘TS.

025
\e.
o |_§§'OO Eodn ko) vvod et §7.267

|

RNO

20
2
0



Samples of Student Work—Grade Four

We need Yo dwvde 29 aokie amongst Yy girls.

ex |.

Task:

O
000 \/00©
OO © Op Q0 O 0O
O @) O
200/ foo/\a 0" /\a
7«’\“30\“"5

Thre remManng aokie Wl e sp\'.’r
nto €ourtrs. Eadn 3'.(*\ vwod st
D adal/ Y aokes

Hat Sizes

For the school academic decathlon week, a hat company will make
hats for the class but can afford to make them in only three sizes.
Measure the heads of students in the class, organize the data, and write
a letter to the hat company recommending which three sizes of hats to
make. Justify your recommendations in the letter.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication
X X X X

Students need to measure the circumference of their partner’s head
accurately in centimeters. They need to organize the data from 29
members of the class. They need to base their recommendation on an
analysis of the data and clearly communicate the reasons for their
recommendations. Some students may indicate a beginning under-
standing of some statistical terms and concepts by using such words as
range, mode, typical, clumps, and so forth in their letters.

Setting

This task was a two-week project that students worked on periodically
in class and at home. The project involved working independently,
working with a partner, holding class discussions, and conferring
periodically with the teacher about their progress. The project began
with an in-depth discussion about the task. Each student measured
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Samples of Student Work—Grade Four

(and double-checked) the circumference of a partner’s head, pooled
the results in a class list, and copied the list. For homework, students
analyzed the data on their own. They discussed their analyses in class;
and, finally, wrote letters to the hat manufacturer, summarizing their
conclusions.

Samples of Student Work: Connie

Only a part of the student’s work on this project is reproduced and
commented on here. Students turned in papers for all stages of this
project, including the list of student data, their first attempt at organiz-
ing the data, and a drawing of the hat.

Connie’s work shows the data organized in a chart with each student’s
name in a list under the appropriate circumference measurement (head
size). The statements written below the chart indicate that a column
for 58 cm is not included because no one in the class has that measure-
ment. The statements are written in Connie’s own language with a few
statistical descriptors that were introduced in class (range, hole, clump)
to talk about the distribution of the data. The statements include
generalizations that are not common for students in grade four. For
example, approximate fractions are used to identify the number of
people in two subgroups compared with the total number in the class—
the 15 people with head sizes of 52, 53, and 54 are referred to as “half
of the class,” and the eight people with a head size of 55 as “about 1/4
of the class.” A few of the sentences are not mathematically precise,
which is all right for a student in grade four. For example, a statement
describing a central tendency reads, “everybody in this class has a
headsize around 55 cm.”

At the beginning of the letter, Connie recommends that hats be made
in sizes 53 cm, 55 cm, and 58 cm and identifies which people with a
certain size head could wear which hat; for example, the people with
head circumferences of 57 cm and 59 cm could both wear a hat size

58 cm. The number of hats in each size is identified, and one additional
hat in each size is ordered in case someone loses a hat or has a change
of mind.
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Connie’s Work (Hat Sizes)

Pead Szes

AM\/ Ranie Sal Armando Connie Yate Don
Alice. L= Frano Rabette Dan
Carmen Nkd M-ﬁue,\ Carla joac\)\)\n
Meg Naney Eloony Rose Mike
Soe R Mava O

Ricardo

T(‘ Q/

f\).ge.\

On t\is poe \ ddAt Pt 8 am. bearuse Yt vwos a e U\)obo&f wn This
dass s a §8 am. \edd. \ dso noticed Thrat e.\/ex‘ybo&f n Ths doss s a
\eadsize. aroond §5 am. \ dso noticed twat € you add up dl the people n
2, 83 em, §YH am. & Penp\e, N eadn one) \/ou'\\ et lgpepp\e, ond
Pat's W€ of tis dass. On the §5 am gragh 1T \os 3 people and Tat's a
bt of Pepp\e,_, and Pat's adoout | /Y of e doss. (B Peop\e, XY = 3020
Peop\e). \ noticed tat there s only one person That \os 9 . and twis s
Don, dso on §7 om ragin on\\/. ate s on that gragh so that weans T,
Tat snt a c\ump. The ronge s Yo §2 om. Yo §4 am. (ithout §8 vy, a
\~ole).

Deor Tt Company,

We \vwould P‘c\i §3, §%, §% becruse some pepp\e, Wave §72 om. \neadsizes.
T\ne).// oM € o §3 am. \Wats and §YH am. \eadsizes an €1 nto §5 am.
\ats, md S6 am. \veads aan dmost €iF nito §5 om. \ats, just a Witle bit,
Wil be a Witle Tight, but it Vil €1, and the §F om. \ats an €t nto
§) v and §Y am. \neadsizes because on §7) am. it VAl € nto §B am.
because T WAl be a hittle lose, but can €1 and on §A am. it an €t bewuse
Ws just a Witle hight. The people o \as & am. \neadsizes can dso €t into
8 om. Wats. <o a bt of people am €t o §3 §%, and §8 am. We \want
L & §3 am. Wats bearuse there s | § people \who €iF §3 am. and just n
casesmqebo&/\osesa\nafwea&?e&me,more\nat We vt | B3 §5 v \Wats
bezauseﬂmeretsl’)peop\ew\mneeﬁggm\na’fsm&wea%e)l wore.
We dso need 3 5% am. Mfsbmsefme'sgpepp\ew\mﬂ’rggm. and
just ' cose somebo&/ drmges Tlece Mmd Then \we added | more.
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Samples of Student Work—Grade Four

Task:

Partner Portrait

Make a drawing of your partner’s face. First, using centimeters or
inches, estimate the length and width of several facial features of your
partner. Then measure those features as accurately as possible and use
the measurements to draw a picture of your partner’s face. When you
have finished, write several sentences about “What | learned.”

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X

Students need to estimate and measure lengths of facial features in
centimeters or inches by using a ruler or tape measure. They need to
organize the data and use the measurements to make a life-size drawing
of their partner’s face. (The drawing is a representation of a three-
dimensional face in two dimensions.)

Setting

This task was done in class over several days. Students worked in pairs,
each student measuring and making a drawing of his or her partner’s
face.

Samples of Student Work: Miguel

Miguel’s work includes a well-organized and easy-to-read table that
shows the estimated and actual measurements of Miguel’s partner’s face
in centimeters. The estimated measurements are close to the actual
measurements. Apparently, by holding the ruler in front of him, Miguel
was able mentally to transfer a measurement to the real object. He may
also have used clues from previous measurements, such as noticing that
the width of the mouth is about the same as the width of the eye. The
measurements in the table are given to the nearest half-centimeter and
are recorded as fractions rather than as decimals, the more conven-
tional notation used in the metric system. In the table all references to
length refer to horizontal measurements, and all references to width
refer to vertical measurements. The measurements in Miguel’s drawing
match the measurements recorded in the table, although the “length”
of the mouth is slightly off.

The “What | Learned” statements include several interesting insights.
About his drawing (which has been reduced in this document) Miguel
wrote, “. . . even though all my measurements were correct, my picture
still didn’t look like Meg and that means that measurements aren’t



Samples of Student Work—Grade Four

everything.” This statement implies that Miguel checked his measure-
ments (“my measurements were correct”) and that he realized that the
use of measurements alone was not sufficient to represent a three-
dimensional object in two dimensions. (Resolving this dilemma is not
expected of students in grade four.) A statement indicates that Miguel
used a technique of making “markings” on his picture “so that every-
thing goes in the right place.” In addition, he wrote about the need to
measure more features than only the “basic parts” if one wanted to

include more detail in one’s drawing.

Miguel’s Work (Partner Portrait)

Measures Bst/ At
l. Leng’r\n of eve 3w Zem
2. Wdth of ee L '/2 am L '/2 am
2. Lenﬁ‘\‘\n of Nbse 2 am 2w
Y. width of Nhse Y'/2 am S om
s Lengthh of woutln S S om
G. Wit of wouthh L V/2 am L2 am
. Lengthn of Face 1 8 om 13 am
8. Width of €ace 20 om | € am
g, Lengthh of ears 2 YVaem 2 Yawm
1 0. Wit of ears § om S om
11, Lengthh of evelorov 2 YVaam Y Yam
12, it of eelorov /2 am \/2 am
\What \ Learned

\ learned Wovw Yo moke a reasondole estimate, as Yo
an see snce s of wy estimates \vere arrect. \ also
learned t\wat, even ﬂwa\n al My measurements \vere
creect, my picture still 33T ok ke W\eg and Tat means
Tnat measurements arent everythhing. Ao, | learned Vo
To make markings on my picture o That everytinng gpes
n The right place. | learmed To only measure the man
parts of the person youre draving s on your picture if
on\x/ s\ovvs The basie Part unless you wont deta) The Yo
don't M\\/ measwre T\he basic Pa(‘fs. Last of ol \ learned
The area of wost of the dnaracteristies That make Up wy
pariners €ace.

Note: The drawing has been reduced
for this publication, but the written
measurements are actual sizes used in
the original drawing.
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( Mathematics Standards )

Grade Five

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in arithmetic
and number.

For example, students in grade five who meet the standard will:

= Add, subtract, multiply, and divide whole numbers and decimals and
know when to use each operation.

= Explain whether a situation calls for an accurate answer or an
estimate and explain the choice of using paper and pencil, mental
computation, or a calculator to find the answer.

= Understand and use the inverse relationships between addition and
subtraction and between multiplication and division.

= Identify and use equivalent fractions, decimals, and percents for
halves, fourths, tenths, and one whole.

= Identify and use factors, multiples, and primes.

= Estimate (e.g., rounding, approximating) or use exact numbers, as
appropriate, in calculations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Find two 2-digit numbers whose product is 1,512.

2. Figure out the number of people who represent one-tenth, one-
fourth, and one-half of the population of Burb Town, which has a
population of 6,200 children and 14,000 adults.

3. How long would it take to say your name one million times? How
long would it take to count to a million?

4. Our class of 30 is raising money to go to the amusement park.
Individual tickets cost $5.75. We are selling ice-cream bars for 85¢
each and will make a profit of 15¢ on each one. How many ice-
cream bars do we need to sell to raise enough money for our whole
class to go to the park?



Standard 2.

Mathematics Standards—Grade Five

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade five who meet the standard will:

Identify and describe properties of assorted two- and three-
dimensional figures, including squares, triangles, other polygons
(e.g., pentagons, hexagons, octagons), circles, cubes, and rectangular
prisms (boxes).

Analyze and generalize geometric patterns, such as tessellations and
sequences of shapes.

Model situations geometrically to formulate and solve problems.
Identify and plot points in the first quadrant of the coordinate plane.
Choose appropriate units (customary or metric), measure lengths,
and informally find areas of geometric figures.

Explain the differences between length and area; that is, between
linear and square units.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Find the length and width of a rectangle whose sides are two-digit
numbers and whose area is 1,512 square centimeters.

Examine logos of businesses in the yellow pages for rotational and
bilateral symmetry.

Use tiles to investigate the relationship between area and perim-
eter. Arrange 24 tiles so that each tile has at least one side fully
touching a side of another tile. What is the perimeter of the
arrangement? Find the largest and smallest perimeters that can be
made for different arrangements. Do the same using 25 tiles, 30
tiles, and so forth. What do you notice about the shapes of the
arrangements as the perimeter changes?

Make a two-dimensional cardboard or paper replica of oneself,
using measurements for lengths and widths of body parts that are
half the size of one’s own body.
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Mathematics Standards—Grade Five

Standard 3.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade five who meet the standard will:

< Discover, generalize, and informally describe linear and nonlinear
patterns.

= Represent simple numerical relationships in tables, graphs in the
coordinate plane, and verbal or symbolic rules.

< Analyze tables and graphs to determine simple functional relation-
ships.

< Find solutions for unknown quantities in simple equations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Continue both patterns with blocks and record in a table the
number of blocks needed to build each pattern.

D Pattern | # of blocks
1 1

LA ]

Find the sum of the first two consecutive odd numbers, the first
three, the first four, and so forth. Why are all three patterns the
same? Why is this pattern called “square numbers™?




Standard 4.

Mathematics Standards—Grade Five

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade five who meet the standard will:

Collect and organize data and display and interpret data in appropri-
ate tables, charts, and graphs.

Describe informally how the data are dispersed, such as whether they
are evenly distributed, have one or more modes, have one or more
outliers.

Make conclusions and recommendations based on data analysis and
critique the conclusions and recommendations of others.

Identify characteristics that make a population sample representa-
tive or biased.

Make predictions for simple probability situations.

Express outcomes of experimental probability situations verbally and
numerically.

Represent possible outcomes for probability situations in an orga-
nized way (e.g., in tables, grids, or tree diagrams).

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Gather and analyze data from the neighborhood and compare the
data with published statistics for the city, state, or nation.

How many of you were born in California? If you were born in this
state, is it likely that your parents were too? What about your
grandparents? Do you think the results would be similar if students
from another state were asked the same questions about their state?
Estimate the likelihood of future events on this scale:

I | | I |
0% 25% 50% 75% 100%

All our classmates will be here tomorrow.

A live elephant will visit our classroom this year.
It will rain tomorrow. It will rain this year.

I will drink some milk today.

o0 o
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Standard 5.

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)

For example, students in grade five who meet the standard will:

= Formulate and solve a variety of meaningful problems.

= Extract pertinent information from situations and figures and
identify what additional information is needed.

< Formulate conjectures and argue, short of formal proof, why they
must be or seem to be true.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade five who meet the standard will:

= Use and invent a variety of approaches and understand and evaluate
the approaches of others.

= Employ problem-solving strategies, such as illustrating the problem
with sketches to make sense of complex situations or organizing
information in a table.

= Explain, when helpful, how to break a problem into simpler parts.

= Solve problems for unknown or undecided quantities by using
algebra, graphs, sound reasoning, and other strategies.

= |ntegrate concepts and techniques from different areas of
mathematics.

« Make sensible, reasonable estimates.

= Make justified, logical statements.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade five who meet the standard will:

= Verify and interpret results in the context of the original problem.
= Generalize solutions and strategies to address new problem situa-
tions.



Standard 6.

Mathematics Standards—Grade Five

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

How long would it take to say your name one million times? How
long would it take to count to a million?

Use tiles to investigate the relationship between area and perimeter.
Arrange 24 tiles so that each tile has at least one side fully touching
a side of another tile. What is the perimeter of the arrangement?
Find the largest and smallest perimeters that can be made for
different arrangements. Do the same using 25 tiles, 30 tiles, and so
forth. What do you notice about the shapes of the arrangements as
the perimeter changes?

How much pizza should be ordered for a class party? Explain your
reasoning.

You plan to build a pen with at least one gate for your dog. Fencing
is $1 per foot, fence posts are $2 each, and gates are $5 each. You
can afford only $40 altogether. How would you design your pen in
order to get the greatest possible area? Explain what you considered
in making your plan.

Mathematical Commmunication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate understanding of mathematical
communications of others.

For example, students in grade five who meet the standard will:
= Use mathematical language and representations with appropriate

accuracy; for example, in formulating numerical tables and equations,
simple algebraic equations and formulas, charts, graphs, and diagrams.
Organize work, explain facets of a solution orally and in writing, label
drawings, and use other techniques to make meaning clear to the
audience.

Use mathematical language to make complex situations easier to
understand.

Exhibit developing reasoning abilities by justifying statements and
defending work.

Show understanding of concepts by explaining ideas not only to
teachers but also to fellow students or younger children.
Comprehend mathematical concepts from reading assignments and
from other sources.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

How much pizza should be ordered for a class party? Explain your
reasoning.

You plan to build a pen with at least one gate for your dog. Fencing
is $1 per foot, fence posts are $2 each, and gates are $5 each. You
can afford only $40 altogether. How would you design your pen in
order to get the greatest possible area? Explain what you considered
in making your plan.

A family of six ordered 13 hot dogs. Nine hot dogs had mustard;
three had catsup; eight had relish; four had both mustard and
relish; and three had mustard, catsup, and relish. Figure out how
many hot dogs had no mustard, relish, or catsup (nothing) on
them. You may use drawings in your explanation.



( Mathematics Standards )

Grade Six

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in arithmetic
and number.

For example, students in grade six who meet the standard will:

= Add, subtract, multiply, and divide whole numbers and decimals

consistently and accurately.

Identify and use equivalent fractions, decimals, and percents for
common fractions, such as halves, thirds, fourths, fifths, eighths, and
tenths.

Compare the size of and order fractions, decimals, and percents for
common fractions, such as halves, thirds, fourths, fifths, eighths, and
tenths.

Interpret percent as a part of 100 and as a means of comparing
quantities of different sizes or changing sizes.

Understand the inverse relationships between addition and subtrac-
tion and between multiplication and division and use these relation-
ships in solving problems.

Use integers (positive and negative whole numbers) in common
situations.

Estimate (e.g., rounding, approximating) or use exact numbers, as
appropriate, in calculations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.
2.

Locate 0.05, 0.1, 6, 1/4, 2/3, -0.5, and 2.33 on a number line.

The population of Burb Town doubles every year. In 1995 the
population was 512. What will the population be in the year 2000?
What was the population in the year 1992?

Figure out how to compute a tip of 10%, 15%, or 20% other than
by multiplying an amount by 0.1, 0.15, or 0.2.
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Mathematics Standards—Grade Six

Standard 2.

4,

Take your pulse for 15 seconds. According to this measurement,
how many times would you say your pulse beat since you got up this
morning? This week? Since you were born? Do you think your
answers are exact? Why or why not?

George said that if he won the lottery, he would share it with his
friends. He would keep 1/3, give 1/4 to Diane, and give 1/5 to Tony.
Is this plan possible? If so, will there be an amount left? If not, why
not?

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade six who meet the standard will:

Identify triangles (e.g., isosceles, obtuse) and describe their properties.
Analyze and generalize geometric patterns, such as tessellations and
sequences of shapes.

Model situations geometrically to formulate and solve problems.
Develop and use formulas for the area and perimeter of rectangles.
Identify and plot points in the coordinate plane.

Choose appropriate units of linear measure and convert with ease
between units (e.g., between inches and yards) within the customary
or metric system. (Note that conversions between customary and
metric units are not required.)

Use proportional relationships to interpret distances on maps and to
make scale drawings (enlargements and reductions).

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

If the length of a rectangle doubles and the width triples, what
happens to the area of the rectangle?

Investigate the area around the school and the neighborhood to
describe the size of an acre and of a square mile.

Draw an enlargement or a reduction of a cartoon, poster, map of
school or home, or similar item accurately to scale.

Can you draw the following figures?

0 Rectangle with four sides of equal length
0O Parallelogram with four right angles



Standard 3.

5.

Mathematics Standards—Grade Six

O Parallelogram with four sides of equal length and no right
angles

0 Parallelogram with four sides of equal length and four right
angles

Design a recreational area for a one-acre site. Staying within a
limited budget, recommend equipment for the area and determine
the cost of the equipment.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade six who meet the standard will:

Discover, describe, and generalize patterns, including linear and
nonlinear relationships, and represent them with variables and
expressions.

Represent linear and nonlinear relationships in tables, graphs in the
coordinate plane, and verbal or symbolic rules.

Analyze tables and graphs to determine simple functional relation-
ships.

Find solutions for unknown quantities in simple equations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Use a diagram, a table, a graph, words, a formula, or a combination
of these methods to show the relationships between the length of
the sides of a square and (a) the perimeter of the square; and (b)
the area of the square.

Your principal wants to hire you to work for her for ten days. She
will pay you either $6 each day for all ten days; or $1 the first day,
$2 the second day, $3 the third day, and so on; or $0.10 the first
day and for each day thereafter twice the amount of the day before.
In which way would you earn the most money? In which way
would you earn the least money?
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Standard 4.

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade six who meet the standard will:

Collect and organize data and display data in appropriate tables;
charts; and graphs, including bar, line, and simple circle graphs.
Find and interpret measures of central tendencies of data, using
mean and median.

Make conclusions and recommendations based on data analysis and
critique the conclusions and recommendations of others.

Describe the sample population and discuss whether the data
collected are a representative sample.

Demonstrate recognition that a situation may have two or more
equally likely results.

Make predictions based on experimental or theoretical probabilities.
Predict the result of a series of trials once the probability for one trial
is known.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Bring in newspaper articles containing graphs or charts of data and
conclusions based on the data. Interpret the graphs or charts.
Which conclusions are plausible? Possible? Impossible? What other
guestions would you ask to obtain data that would support or
negate your reasoning?

Explain whether it is the most advantageous to use three tetrahedra,
two cubes, or one dodecahedron to arrive at a specific number
when rolling polyhedral dice.



Standard 5.

Mathematics Standards—Grade Six

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)

For example, students in grade six who meet the standard will:

= Formulate and solve a variety of meaningful problems.

= Extract pertinent information from situations and figures and
identify what additional information is needed.

< Formulate conjectures and argue, short of formal proof, why they
must be or seem to be true.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade six who meet the standard will:

= Use and invent a variety of approaches and understand and evaluate
the approaches of others.

< Invoke problem-solving strategies, such as illustrating problems with
sketches to help make sense of complex situations or organizing
information in a table.

= Explain, when helpful, how to break a problem into simpler parts.

= Solve problems for unknown or undecided quantities by using
algebra, graphs, sound reasoning, and other strategies.

= |ntegrate concepts and techniques from different areas of
mathematics.

« Make sensible, reasonable estimates.

= Make justified, logical statements.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade six who meet the standard will:

= Verify and interpret results in the context of the original problem.
= Generalize solutions and strategies to address new problem situa-
tions.

59



60

Mathematics Standards—Grade Six

Standard 6.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Find two numbers larger than 10 that can be multiplied together to
give the answer 708. Explain how you decided on those numbers.
Your principal wants to hire you to work for her for ten days. She
will pay you either $6 each day for all ten days; or $1 the first day,
$2 the second day, $3 the third day, and so on; or $0.10 the first
day and for each day thereafter twice the amount of the day before.
In which way would you earn the most money? In which way
would you earn the least money?

Mathematical Commmunication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of the mathematical
communications of others.

For example, students in grade six who meet the standard will:

Use mathematical language and representations with appropriate
accuracy; for example, in formulating numerical tables and equa-
tions, simple algebraic equations, formulas, charts, graphs, and
diagrams.

Organize work, explain facets of a solution orally and in writing,
label drawings, and use other technigues to make meaning clear to
the audience.

Use mathematical language to make complex situations easier to
understand.

Exhibit developing reasoning abilities by justifying statements and
defending work.

Demonstrate understanding of concepts by explaining ideas not only
to teachers but also to fellow students or younger children.
Demonstrate comprehension of mathematical concepts from reading
assignments and from other sources.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Can you draw the following figures?

0O Rectangle with four sides of equal length
O Parallelogram with four right angles
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O Parallelogram with four sides of equal length and no right
angles

0 Parallelogram with four sides of equal length and four right
angles

2. A friend of yours has just moved to the United States and must
ride the bus to and from school each day. The bus ride costs
50 cents. Your friend must have exact change and must use only
nickels, dimes, and quarters. Your friend has a problem because she
does not yet understand U.S. money and does not know how to
count the money.

a. Help your friend find the right coins to give to the bus driver. Draw
and write something on a sheet of paper that will help her. She
needs a sheet of paper showing which combinations of coins may
be used to pay for the 50-cent bus ride.

b. Be sure to organize your paper so that the information is clear and
helpful to your friend.
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Grade Seven

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in arithmetic
and number.

For example, students in grade seven who meet the standard will:

Add, subtract, multiply, and divide rational numbers consistently
and accurately.

Understand the inverse relationships between addition and subtrac-
tion and between multiplication and division and use the inverse
operation to determine unknown quantities in equations.

Identify and use equivalent fractions, decimals, and percents.
Compare the size of and order fractions, decimals, and percents.
Represent and compare the size of large and small numbers by using
place value and exponents.

Compare the size and order of integers.

Demonstrate familiarity with characteristics of operations and
numbers (e.g., divisibility, prime factorization) and with principles
of rational numbers (e.g., commutativity and associativity), short of
formal statements.

Estimate (e.g., rounding, approximating) or use exact numbers, as
appropriate, in calculations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

On an allowance of $12 a week, which is better: a $3 increase or a
25% increase in the allowance?

What determines whether you report information in fractions,
percents, or decimals? If you knew that 271 of 952 students rode
bikes to school, would you say about 1/4 of the people, 25% of the
people, .25 of the people, or about 300 people rode bikes? Would
you report the fraction 271/952 of the people?
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Compare the numbers one million and one billion. If you had a
million dollars in thousand-dollar bills, the stack would be 4 inches
high. How high would the stack be if you had a billion dollars’
worth of thousand-dollar bills? Could you carry it?

The same kind of chair is on sale at two stores. How could a store
advertise a discount of 30 percent and still make more money than
the store down the street makes by selling the chair at a discount of
20 percent?

Analyze advertisements for different music clubs, decide which
club offers the best value for the money, and justify your decision.

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade seven who meet the standard will:

Identify and describe the properties of and relationships among
quadrilaterals (e.g., rhombus, square, rectangle, parallelogram,
trapezoid).

Identify rotational and bilateral symmetry in two-dimensional
shapes.

Use proportional relationships to demonstrate that figures are
similar.

Analyze and generalize geometric patterns, such as tessellations and
sequences of shapes.

Model situations geometrically to formulate and solve problems.
Develop and use formulas for the area of triangles.

Analyze and describe the relationship between the area and the
perimeter of two-dimensional figures (e.g., consider what happens to
the area when the perimeter of a figure is doubled).

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

2.

What is the sum of the interior angles of a triangle? How can you

prove it? What is the sum of the interior angles of a rectangle? Of

any quadrilateral? Show how to find the sum of the interior angles
of any polygon.

Display data in an accurately drawn and divided pie chart.
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Standard 3.

Find the minimum perimeter of a rectangle with an area of 25
square units if the dimensions are whole numbers. Repeat the
procedure for rectangles with areas of 30, 35, and 40 square units.
Figure out how to predict the dimensions of the rectangle with the
minimum perimeter if you continue this investigation with larger
whole numbers.

Describe the size of one million of an object, such as a shoe box, a
penny, a pack of notebook paper. Describe the size of one-mil-
lionth of that same object.

Use paper models of triangles and parallelograms to show how the
formulas for finding their areas can be derived.

Build larger and larger cubes from unit cubes. Use tables to show
how the volume and the surface areas increase. Then suppose that
the outside of each constructed cube is painted. If a large cube is
taken apart, how many of the unit cubes (1 x 1 x 1) are painted on
three faces, on two faces, on one face, and on zero faces? Is there a
pattern in the number of faces painted?

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade seven who meet the standard will:

Discover, describe, and generalize patterns, including linear and
simple exponential relationships, and represent them with variables
and expressions.

Represent relationships in tables, graphs in the coordinate plane,
and verbal or symbolic rules.

Analyze tables, graphs, and rules to determine functional relation-
ships.

Find solutions for unknown quantities in simple equations and
inequalities.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Graph and explain the growth of a population of organisms that
doubles in number once a day.

Compare the growth of a set of plants under a variety of condi-
tions; for example, by varying the amounts of water, the use or
absence of fertilizer, and the duration of and exposure to sunlight.
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3. Build larger and larger cubes from unit cubes. Use tables to show
how the volume and the surface areas increase. Find a rule to
describe how each measure increases. Then suppose that the
outside of each constructed cube is painted. If a large cube is taken
apart, how many of the unit cubes (1 x 1 x 1) are painted on three
faces, on two faces, on one face, and on zero faces? Are there
patterns in the number of faces painted? Can you find rules or
equations to describe the patterns?

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade seven who meet the standard will:

= Organize data in charts and graphs, including scatter plots; bar, line,
and circle graphs; and Venn diagrams.

= Collect and organize data and display data in appropriate tables,
charts, and graphs.

< Analyze data for frequency and distribution, including mode and
range.

< Analyze central tendencies of data appropriately, using mean and
median.

= Make conclusions and recommendations based on data analysis.

= Critique the conclusions and recommendations derived from others’
statistics.

= Demonstrate an understanding of the effects on reliability of sam-
pling procedures and of missing or incorrect information.

= Formulate hypotheses to answer a question and use data to test the
hypotheses.

= Demonstrate an understanding of why two results are equally likely;
construct sample spaces; and determine probabilities of events.

= Make predictions based on experimental or theoretical probabilities.

= Predict the result of a series of trials once the probability for one trial
is known.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Develop and analyze a game of chance for a school carnival.
2. Display the data collected from a survey in an accurately drawn
and divided pie chart.
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Standard 5.

3. Arandom “favorite fruit” poll was taken in the EImherst Junior
High School cafeteria. Each student polled could vote for only one
kind of fruit. The chart shows the results of the poll. If there are
600 students in the school, approximately how many should be
expected to prefer apples?

Favorite Fruit Votes
Apples 13
Oranges 8
Bananas 5
Grapes 4

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)

For example, students in grade seven who meet the standard will:

= Formulate and solve a variety of meaningful problems.

= Extract pertinent information from situations and figures and
identify what additional information is needed.

< Formulate conjectures and argue, short of formal proof, why they
must be or seem to be true.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade seven who meet the standard will:

= Use and invent a variety of approaches and understand and evaluate
the approaches of others.

= Invoke problem-solving strategies, such as illustrating the problem
with sketches to clarify the situation or organizing information in a
table.

= Explain, when helpful, how to break a problem into simpler parts.

= Solve problems for unknown or undecided quantities by using
algebra, graphs, sound reasoning, and other strategies.
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= Integrate concepts and techniques from different areas of
mathematics.

= Make sensible and reasonable estimates.

= Make justified and logical statements.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in grade seven who meet the standard will:

= Verify and interpret results in the context of the original problem.
= Generalize solutions and strategies to address new problem situa-
tions.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. How many downward paths can you find from A to B along the
lines of the grid?

A

B

2. Each cereal box contains a baseball card. There are six different
cards in a set. How many boxes of cereal must you purchase to get
all six cards?

3. How many three-digit numbers can you create, using digits one
through nine, if the digits are placed in descending order? An
example of a number in descending order is 741. The digits in 682
are not in descending order.

4. Jessie collected $1.60 from each customer on her paper route.

Mr. Hendron paid her in nickels, dimes, and quarters. He gave her
19 coins in all. How many of each kind of coin could he have
given her?

5. Build larger and larger cubes from unit cubes. Use tables to show
how the volume and the surface areas increase. Find a rule to
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Standard 6.

describe how each measure increases. Then suppose that the
outside of each constructed cube is painted. If a large cube is taken
apart, how many of the unit cubes (1 x 1 x 1) are painted on three
faces, on two faces, on one face, and on zero faces? Are there
patterns in the number of faces painted? Can you find rules or
equations to describe the patterns?

Mathematical Communication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of the mathematical
communications of others.

For example, students in grade seven who meet the standard will:

= Use mathematical language and representations with appropriate
accuracy; for example, in formulating numerical tables and equa-
tions, simple algebraic equations, formulas, charts, graphs, and
diagrams.

= Organize work, explain facets of a solution orally and in writing,
label drawings, and use other technigues to make meaning clear to
the audience.

< Use mathematical language to make complex situations easier to
understand.

= Exhibit developing reasoning abilities by justifying statements and
defending work.

< Demonstrate understanding of concepts by explaining ideas not only
to teachers but also to fellow students or younger children.

= Demonstrate comprehension of mathematical concepts from reading
assignments and from other sources.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. A friend says he is thinking of a number. When 100 is divided by

the number, the answer is between one and two. Give at least three
statements that must be true of the number. Explain your reasoning.
Luke wants to paint one wall of his room. The wall is eight meters
wide and three meters high. It takes one can of paint to cover 12
square meters, and the paint costs $9 for two cans. What else does
Luke need to consider? Write a plan for an oral presentation for
this painting job.



Mathematics Standards—Grade Seven

3. The coach and nine children from the baseball team go out for
Sloshees after the game. The convenience store has only two sizes
of cups left: the small Sloshee for 50¢ and the large for $1. The
coach is dieting and does not want anything. He has only $6 to
spend on the team. How many Sloshees of each size can the coach
buy for the team members? Make a table showing a list of possible
solutions. Explain how each solution best solves the problem of
what the coach can buy.
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Grade Eight

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in arithmetic
and number.

For example, students in grade eight who meet the standard will:

Add, subtract, multiply, and divide rational numbers consistently
and accurately and raise rational numbers to whole number powers.
Understand the inverse relationships between addition and subtrac-
tion, multiplication and division, and exponentiation and root-
extraction and use the inverse operation to determine unknown
guantities in equations.

Use and convert the different kinds and forms of rational numbers
(e.g., fractions, decimals, percents, integers) consistently and accu-
rately.

Demonstrate familiarity with characteristics of operations and
numbers (e.g., divisibility, prime factorization) and with principles
of rational numbers (e.g., commutativity and associativity), short of
formal statements.

Demonstrate understanding of proportion by solving problems
involving equivalent fractions or equal ratios.

Order numbers by using the > and < relationships and by locating
numbers on a number line and have a sense of the magnitude and
relative magnitude of numbers. (Note that scientific notation is not
required.)

Represent and compare the size of large and small numbers by using
place value, exponents, and scientific notation.

Demonstrate an understanding of the concept of density of numbers
by finding a number between two rational numbers and approximat-
ing a decimal value for irrational numbers (e.g., finding the length of
the side of a square with an area of two).

Estimate (e.g., rounding, approximating) or use exact numbers, as
appropriate, in calculations.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Figure out the additional percent of beef needed to make a one-
third-pound burger into a one-half-pound burger.

In a school with 1,000 lockers, one student opens every locker,
another student closes every other locker (second, fourth, sixth,
etc.), a third student changes every third locker (opens closed
lockers and closes open lockers), and so forth, until the thousandth
student changes the thousandth locker. At that point, which
lockers are open? Why?

Investigate and describe the relationships among and the properties
of the numbers in Pascal’s triangles.

Is the sum of two consecutive integers odd or even? Always? How
about the product of two consecutive numbers? Why? What can
you say about three consecutive numbers?

Find the last two digits of 6%,

Research the national debt. How high would a stack of bills have
to be to match the size of the debt?

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in grade eight who meet the standard will:

Identify and use geometric terms correctly, including the terms
diameter, radius, circumference, parallel, perpendicular, angle,
plane, congruent, similar, and symmetry.

Analyze and generalize geometric patterns, such as tesellations and
sequences of shapes.

Model situations geometrically to formulate and solve problems.
Translate, rotate, and reflect polygons on the coordinate plane and
describe the transformations by identifying corresponding points.
Identify appropriate units and use and read measurement tools (e.g.,
ruler, protractor, thermometer) for determining length, area, vol-
ume, angle, weight, capacity, time, and temperature.

Choose appropriate units and measure length, area, and volume of
geometric figures; and explain the differences between correspond-
ing linear units, square units, and cubic units.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Study the steepness of wheelchair ramps and stairs.

2. Henry wanted to make a box from an 8-inch by 14-inch piece of
cardboard. He plans to cut squares from each corner and tape the
corners. What are the dimensions of the box that will contain the
largest volume?

3. What is the relationship between a 10-inch pizza and a 14-inch
pizza? How much more pizza do you get when you buy a 14-inch
pizza than when you buy a 10-inch pizza? If the 10-inch pizza costs
$7.75, what would be a fair price for the 14-inch pizza?

Standard 3. Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in grade eight who meet the standard will:

= Discover, describe, and generalize patterns and functions, including
linear, exponential, and simple quadratic relationships, and repre-
sent them as algebraic equations.

= Represent the same function in several ways: graph, set of ordered
pairs, algebraic rule, written statement.

= Analyze tables, graphs, and rules to determine functional relation-
ships.

= Solve linear equations and inequalities in one variable.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Study the steepness of wheelchair ramps and stairs.

2. Bricklayers use the rule N = 7.L-H to determine the number (N) of
bricks needed to build a wall L feet long and H feet high. Examine
a brick wall or a portion of a brick wall to see whether this rule
seems to be true. If it works, why? If not, what would be a better
formula?
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Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in grade eight who meet the standard will:

= Organize data in charts and graphs, including scatter plots; bar, line,
and circle graphs; and Venn diagrams.

= Collect and organize data and display data in appropriate tables,
charts, and graphs.

= Analyze data for frequency and distribution, including mode and
range.

< Analyze central tendencies of data appropriately, using mean and
median.

= Make conclusions and recommendations based on data analysis.

= Critique the conclusions and recommendations derived from others’
statistics.

= Explain the effects on reliability of sampling procedures and of
missing or incorrect information.

= Formulate hypotheses to answer a question and use data to test the
hypotheses.

= Demonstrate a recognition that two or more results are equally
likely; construct sample spaces; and determine probabilities of
events.

= Make predictions based on experimental or theoretical probabilities.

= Predict the result of a series of trials once the probability for one trial
is known.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Use box-and-whiskers plots, stem-and-leaf plots, and bar graphs to
compare the characteristics of the boys and girls in the class.
Compare the kinds of information provided by the different
displays.

2. Your cousin in grade five is convinced that the probability of
rolling a 12 on two numbered cubes is 1/11. Explain to your cousin
why this is incorrect and convince your cousin of the actual
probability of getting 12.
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Standard 5.

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of prob-
lems when given the basic statement of a problem situation.)

For example, students in grade eight who meet the standard will:

= Formulate and solve a variety of meaningful problems.

= Extract pertinent information from situations and figures and
identify what additional information is needed.

< Formulate conjectures and argue, short of formal proof, why they
must be or seem to be true.

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in grade eight who meet the standard will:

= Use and invent a variety of approaches and understand and evaluate
the approaches of others.

= Invoke problem-solving strategies, such as illustrating the problem
with sketches to clarify the situation or organizing information in a
table.

= Explain, when helpful, how to break a problem into simpler parts.

= Solve problems for unknown or undecided quantities by using
algebra, graphs, sound reasoning, and other strategies.

= Integrate concepts and techniques from different areas of
mathematics.

= Make sensible, reasonable estimates.

= Make justified, logical statements.

Problem Conclusion (Students provide closure to the solution process
though summary statements and general conclusions and make con-
nections to, extensions to, and/or generalizations about related problem
situations.)

For example, students in grade eight who meet the standard will:

= Verify and interpret results in the context of the original problem.
= Generalize solutions and strategies to address new problem situa-
tions.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Students’ pulse rates vary. What would be considered the normal
pulse rate for students in your class? You might want to consider
various characteristics or conditions (e.g., exercise) and find out
how they relate to pulse rate.

In a school of 1,000 lockers, one student opens every locker,
another student closes every other locker (second, fourth, sixth,
etc.), a third student changes every third locker (opens closed
lockers and closes open lockers), and so on, until the thousandth
student changes the thousandth locker. At that point, which
lockers are open? Why?

What is the relationship between a 10-inch pizza and a 14-inch
pizza? How much more pizza do you get when you buy a 14-inch
pizza than when you buy a 10-inch pizza? If the 10-inch pizza costs
$7.75, what would be a fair price for the 14-inch pizza?

Mathematical Commmunication

Students communicate their knowledge of basic skills,
conceptual understanding, and problem solving and
demonstrate their understanding of the mathematical
communications of others.

For example, students in grade eight who meet the standard will:

= Use mathematical language and representations with appropriate

accuracy; for example, in formulating numerical tables and equa-
tions, simple algebraic equations, formulas, charts, graphs, and
diagrams.

Organize work, explain facets of a solution orally and in writing,
label drawings, and use other technigues to make meaning clear to
the audience.

Use mathematical language to make complex situations easier to
understand.

Exhibit developing reasoning abilities by justifying statements and
defending work.

Demonstrate understanding of concepts by explaining ideas not only
to teachers but also to fellow students or younger children.
Demonstrate comprehension of mathematical concepts from reading
assignments and from other sources.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Imagine that you are working with a team of scientists. You are
comparing the movement of ants with that of frogs. One of the
scientists says, “If we observe an ant and a frog alone, each for five
minutes, the frog will always travel farther.” Decide whether you
agree with the statement. Draw a diagram that shows the ant’s
movements for five minutes. Draw a diagram that shows the frog’s
movements for five minutes. Show all measurements. Use words
and pictures to convince the other scientists that your opinion is
correct.

Imagine that you live on a flat world. The only way to move is
through the coordinate plane. You are on a mission to capture a
dragon that is threatening your village. If you can find out exactly
where it is, you will be able to capture it. Other people in your
village have already found out that the dragon does not lie farther
north or east than (8, 6). People who have seen the dragon have
figured out that it is 4 units long and 1 1/2 units wide. Make up a
short story that tells how you looked for the dragon by exploring
the coordinate plane. Tell where you think the dragon was found.

1
01

You have eight cubes. Two of them are painted red; two, white;
two, blue; and two, yellow; otherwise they are indistinguishable.
You wish to assemble them into one large cube with each color
appearing on each face. In how many different ways can you
assemble the cube? Draw a diagram of a large cube, showing the
color of the faces. Record different solutions. Use words to convey
how you can create the large cube.
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Grade Eight

This section contains examples of several mathematics tasks with
samples of student work for each task. Each task is organized as follows:

= Task gives the directions for completing the assignment.

= Mathematics in the Task identifies the Challenge Standards addressed
in the task (usually more than one) and describes the specific
mathematics that students will encounter in completing the task.

= Setting describes the situation (in-class, homework, etc.) and the
time frame in which the sample work was completed.

< Samples of Student Work describes the mathematics evident in each
student’s work.

Taken together, this collection of tasks is not intended to be a test or
an assessment of the mathematics standards for students in grade eight.
The tasks do not cover the full range of mathematical concepts that
students need to know, understand, and be able to apply. They are
merely examples of what might be included in an assessment or given
as classroom assignments.

Most of the tasks are quite small; generally, they are assignments that
may be done in class, as homework, or over a one-week period. Because
most of the work is from only a few classrooms and was not intended as
a formal assessment, this document does not identify performance levels for
the tasks. Teachers from different classrooms, schools, and districts need
to work together to establish performance levels for formal assessments
that will be used to determine whether a student has met the math-
ematics standards. No single task can provide sufficient information to
assess whether a particular student has met a standard. A collection of
work from a student will need to be assessed to make a valid judgment.

The samples of student work included with each task are intended to
be illustrative of high-quality work that can be done by students in
grade eight and may be considered as some evidence that the students
are progressing toward meeting the mathematics standards. The work
samples are not in each student’s handwriting—they were typed into a
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computer. However, they contain the actual words (and the spelling)
and calculations used by the student; and they reflect, as much as
possible, the student’s drawings, format, and placement of work.
Comments about the work describe the mathematical concepts and the
approaches the students used as well as any errors they made. Most
errors identified in the students’ work are minor. The commentaries do
not include the way in which the classroom teacher addressed the
errors with students. Most tasks include work from different students.
The work of a few students is included for a number of tasks. For
example, samples of Hope’swork (names are fictitious) are shown for
several tasks.

The comments about student work in this document are quite detailed;
however, teachers are not expected to write commentaries similar to
these about an individual student’s work. Teachers and students are
expected to think carefully about the mathematics involved in the
assignments and tasks they do in their classrooms and the evidence of
mathematical knowledge and understanding clearly demonstrated in
the student’s work. Teachers may want to use the sample tasks and
student work shown here as they discuss what the standards mean, how
they are reflected in the classroom program, and the way in which they
are exemplified in the work students do.
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CanYouWrap It?

Make a wrapper for a can of food.

1. Experiment with how to make a wrapper for the can using the
minimum amount of paper.

2. Make the wrapper and draw an exact copy of your wrapper.

3. Calculate the area of your wrapper. Show all your work.

4. Be ready to present your finding to the rest of the class.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6

Number and Geometry and Function and Statistics and Problem Solving and Mathematical

Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication
X X X

This task requires students to make a net for a cylinder and to measure
and calculate the area and perimeter of circles and rectangles. The task
allows students to determine how to approach and solve the problem.
It requires students to measure, using appropriate metric units, and to
make a model of the cylinder net in the actual size. Students need to
realize that the circumference of the lid of the can is the length of the
rectangular side and know how to use and record linear and square
units.

Setting

The task was a classroom assignment from a three-week unit on the
geometry of circles and was done in the middle of the unit. Students
worked with a partner, and the task was completed over two class
periods. Each pair of students used a different size can. The first day
most students tried different approaches to making a wrapper. The
second day students completed their model, calculations, and report,
which they turned in. Some pairs presented their work to the class
during the second period. Students had tape measures, centimeter
rulers, and calculators to use as tools to complete the task.
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Samples of Student Work: Hope and Laticia

Hope’s work shows three unconnected pieces that make the wrapper
for her can. The work clearly shows the process used for calculating the
areas of the circles and rectangle and the total area of the wrapper.
However, the work indicates some lack of understanding of the con-
ventions for writing equations. For example, the equation shown to
find the radius of the circle, d = 10 + 2 = 5, may indicate that Hope
started with the diameter of 10 and then cut it in half. When ques-
tioned by the teacher during class, Hope was adamant that the top and
bottom of the can had different diameters: the top measured 10 cm;
and the bottom, 9.4 cm. She may have measured inaccurately or she
may have varied the way in which she drew around the top and the
bottom of the can. Her work includes accurate calculations of two
separate circular areas based on her measurements. However, the
drawings are mislabeled: the smaller area is written in the larger circle,
and the larger area is written in the smaller circle.



Samples of Student Work—Grade Eight

Hope’s Work (Can You Wrap I1t?)

Acea @
232 om?

Wt | 0.6 am

Lengtn X2 am
Total Prea: 7985 + 1223485 + 2337 =
384.04$bam?
(Top) (Bottom) (Sde)

Top: 3=10+2=§&
A=31lY x§x§=7068

Bottom: d=96+2=4F
A=31Y xY8 x 4.8 = 1234506

Ci Rectange sd) L =22 106 x 22 = 2332
W 106

Total Acea:
785+ 7224806 + 2322 = B8H4.04HEL wm? = B38Ham?

Note:  Drawings have been reduced for this publication, but the written measurements indicate the actual size of
the original drawings.
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Samples of Student Work—Grade Eight

Laticia’s work shows the actual size of the wrapper (two circles at-
tached to a rectangle), the dimensions, and the results of the calcula-
tions (the area of each piece and the sum of the areas). The work
provides evidence that Laticia was able to find the necessary measures
of her can in centimeters and to substitute those values into correct
formulas for the areas of circles and rectangles. Her labeling, both of
what the measurements represent and of her results, is minimal. For
example, the diameters of the circles are indicated only by the measure
(6.4 cm) written inside each circle. Above the top circle, however, she
correctly indicated that r = 3.2. Although unit labels are not shown for
the partial results of the areas of the rectangle and the circle, the
correct unit labels of cm for the dimensions and cm? for square unit are
shown for the total area. The calculations are shown in different
locations on the paper—the numbers used in calculating the area of
each circle are shown at the bottom, and the three partial areas of the
wrapper are added at the top.



Samples of Student Work—Grade Eight

Laticia’s Work (Can You Wrap It?)

Latica

221836
221536
1€

282, 2072 em?

A =3215326
r =32

214 2239

A =3218536
214 -32-3232 =2301536

Note:  Drawings have been reduced for this publication, but the written measurements indicate the actual size of the
original drawings.
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Samples of Student Work—Grade Eight

Task:

Dividing the Dollars

Uncle Sam has $100 and four friends. He gives the first friend 20% of
his money. The second friend gets 25% of the money left over; the
third friend gets 33'/2% of the money left after that; and the fourth
friend (you) gets 50% of the remaining money. How much money does
each person get?

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication
X X X

Students need to understand the situation in which a beginning
amount gets reduced by successively larger percentages. They need
repeatedly to find a percentage of an amount and to subtract that
amount from the balance on hand. They need to show their work in a
way that is clear.

Setting

The task was an individual homework assignment completed overnight
during an instructional unit on fractions, decimals, and percents.

Samples of Student Work: Hope and Monique

Hope’s results are clearly recorded in a chart organized to show the
percent and amount that each person received and the amount of
money left over after each person received his or her share. The
calculations indicate that Hope converted the percent to decimals,
calculated the dollar amount to be given, then subtracted that amount
from the balance. Converting 33'/°% to .333 (rather than using the
fraction /%) resulted in a discrepancy of two cents. However, in the
chart she did an appropriate compensation by rounding $19.98 to $20.
The conclusion restates the process she used.
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Hope’s Work (Dividing the Dollars)

Thpe

ﬁ D\\/A\nﬁ ’)-\Pﬁ &\\O(‘S $
Queston:
Fovw muda mMonesy des eadn of unde Som's €riends st out of The orignal
¥l 00.00<

Si’(‘o?e,g'es?
< (Wort ~
Person ¥ %T\-\e.s/ Get... | % Gven et over
\ 20% £20.00 £50.00
2 Ko £20.00 £60.00
2 22%% ¥20.00 ¥90.00 Y g 92 = %20.00
Y §0% %20.00 £20.00
They g ot 100
Condusiont

Unde. Sam's €riends eadh gt $20.00. At €irest you start vt ¥l 00 then you
Kt b/ .20 tven Yo £80.00 and Yo KXtat .2 ...odon...

Tve big math Yeas are &\/3;/\9, sbtractng, percentoces, and drangng a
percentoge o a Secwnal W\/ work s belovw.

2% st person = ¥100 X.20 - ¥0 100
20

2ho Dnd persen - ¥E0 .25 < ¥ €O
0

33L% 3 pursn - 80 X333 = ¥ AGE = §20 €0
20

§0% Yt persn = §40 X .80 = 20 4O
20
%70 \eft

(,P(‘Obob\\/ €or Unde Sam)
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Samples of Student Work—Grade Eight

Monique’s work shows a sequential, easy-to-follow process. Next to
each part of the solution, Monique included a written statement about
the amount of money that each friend would receive. The third step of
the calculations, rounding 33'/*% to .333, led to a slight miscalculation
of the third and fourth persons’ shares. Apparently, she did not realize
the problem because the conclusion states that the last friend
(Monique) receives more money than the other three do. The final
statement, that she receives $1.02 more than the third friend, declares
a much larger difference than her own calculations show.

Monique’s Work (Dividing the Dollars)

D \\/’\3' \f\ﬁ 1’\/\6 &)\\0(‘5

I, Prdblem: Thw s Unde Sam NG Ivde \Wnis MoNey.

© %00 Fiest €riend gets $20.00 out of
_x .20 $100 Unde Som s,
¥20.00
100.00 20.00 Seand €rend sets £20.00 ot
@ ¥ e of $B0.00 Wt €rom e $20.00

- 20.00

20.00 %20.00 €rom thwe €irst €rend

£0.00 Twird €riend els 19948 oot

- 20.00 %x.333 o€ &0.00.
0.00 | 4498
@ &0.00 20.0l The €ourthh €riend ets £¥20.01 oot
- 1492 2)430.0° of 1948,
430.02

Condusion: The big math Yea s Yos and decmals. | Think The
€ourtlh person gets the wiost out of the %1 00. \ ot | penny
more Y the €irst and semnd people and {1 .02 wmore than
e twird.



Task:

Samples of Student Work—Grade Eight

The Cookie Monster

The cookie monster sneaks into the kitchen and eats one-half of a
cookie on the first day. On the second day he comes in and eats one-
half of what remains of the cookie from the first day. On the third day
he eats one-half of what remains from the second day. If the cookie
monster continues this process for seven days, how much of the cookie
has he eaten? How much is left? If the process continues, will he ever
eat all the cookie? Use pictures, charts, words, or calculations to
explain your thinking.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X

The task requires students to begin with one whole (cookie) and
successively take one-half of the remaining part each day for seven
days. Students need to organize their data and choose a way in which
to demonstrate and verify their conclusions. They need to determine
how much of the cookie has been eaten after seven days and how
much remains. They also need to discuss whether all the cookie will
ever be eaten if the process continues.

Note that the mathematical structure of this task is almost identical to
the structure in the task titled “Dividing the Dollars.” The contextual
situation is different, and the dollar problem reductions are given in
percents rather than in fractions. The cookie problem goes further
than the dollar problem does by including an intuitive approach to the
mathematical concept of a limit.

Setting

This problem was given during a unit on probability in which students
represented parts and wholes by using fractions, decimals, percents, and
circle graphs. The problem was introduced on a Monday with a brief
group discussion to clarify any questions. Individual work was done at
home, and the assignment was turned in on Friday of the same week.
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Samples of Student Work—Grade Eight

Samples of Student Work: Alejandro and Lucia

Alejandro’s work presents the results in a clear, well-organized chart.
The first column shows the day; the next three columns show in
pictorial, fractional, and decimal or percentage forms the amount of
cookie eaten each day; and the last column shows in a fraction the
total amount of cookie that has been eaten by the end of each day. The
conclusion indicates that Alejandro knows that the fraction 127/128 is
expressed in the lowest terms because “127 is prime.” He distinguishes
the difference between the (mathematical) “mental world” and the
“physical world” in the statement that the cookie would never be
completely eaten in the first case but “might be finished” in the
second case.



Samples of Student Work—Grade Eight

Alejandro’s Work (The Cookie Monster)

A\ejm&o
Fovw mudh
Das/ Yow mudn of Fracton of 9ercenf09e, of aoke o€ aoke s
aokie \wos eatelvy | aokie eaten | eaten alr been
eaten<
\ o |
N a
1 32
2 G 28% =
| o 7
3 2 125 & | 3% 2
v 1 o (P \ &
Y o 0628 » 6% o
l 0 2\
§ =3 O35 » 3% 77
| o 63
2 o OV 865 » 2% o
1 (B9
) ™% 00781 25 » 0.08% R

Condusion: On e seventh 307 t—f?@ of the Cooke WAl be eaten

snce | ) s prime, s 1 The bovvest terms. 17"@ of the aokie
st remans on the sevent\h c9a/ \€ e process antnves, \ve
Wil never €inishh e aokie, since numbers \will %P on €or ete
Prat aokie Wil never €nishh n The mentad vworld but n the
Plysiol vworl, € "y ant dvnde crums ' \Walves, €arthas,
eghths, ete, the aolie MGnT be €nisied.
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Samples of Student Work—Grade Eight

Lucia’s work includes a written narrative describing the process she
used, and examples of her work illustrate the description. The work
shows how Lucia successively divided a circle in halves and labeled the
amounts and the days. The narrative states that she found the size of
each subsequent piece by multiplying only the denominators by two
because she knew that the numerator of each fraction would be one.
The work shows zeros made of dotted lines to indicate that she did not
multiply the numerators. This procedure may indicate that she did not
realize that multiplying each fractional piece by one-half would be the
same as multiplying the denominators by two. The work also includes a
chart. The statement under the drawing indicates that she determined
127/128 of the cookie had been eaten by subtracting the remaining 1/
128 of the cookie from one, although the wording used is “subtracted 1
to [get] 127/128.” The student recognized the dilemma in the question
“Will he ever eat all the cookie?” by stating, “I figured out that he will
never eat the whole cookie because he can keep eating half until he
eats half the atom of the sugar molecule in the piece of cookie.”

Lucia’s Work (The Cookie Monster)

Lca
Process
\ €irst 1‘\nou9\n’f of ol "My Poss'.b\e, \~anfs et | o sove tais Pf‘ob\exvu. \
drwse Yo start out Wwith a pie graph and \work MY ey €romy There. | made
a ple graph as you am see n the page atfadned and dwded i Up seven Times
os stated n The prodlem. When | Wad split the pie grapha | started to \work
on ma\t'.nﬁ €ractions out of numbers. | Ynexvw that on 30\/ | cokie monster
afe of The aokie and on doy Thwo e ate W€ of \What \wos et \Wihidn came
out Yo be of the aokie. | kept on muUltiplying the denominator by Tvvo and
ot the numerator because | Yevw The ansvwer \wos one of \Whatever tThe
bottom number ame out o be. | aame Up Vith the amsvwer that Cookie
monster \ad eaten of the aokie and \ad of The aokie £t o eat. | €igured
oot that e \ill never eat the \Avle aokie because \ne con \iezp eating \nal€
untl e eats W€ The atom of the sugar wolcle n the plece of aokie. V€
Yo are undear on oy | soved twis prodlem \ \ave examples o€ My \work
attadned Yo Hns paper.
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Luca
E_XMP\es o€ W \Whrk
—|o
d Dnyg"%"
This s e
e, cokie. dwded
q & €rom
| — 7
Ug 9:6\/ Day Da/
P19\ »
AT
ne

To €nd ot \ovw muda e Was eaten | Yook
r%? vwhidh ywas Wow muda \wos left and

shbotracted | 1o {%% €or T\l ans\~er.

List of 3@/5 ond tweir €ractions
Das/l Q Da./(-)lbDa~/7

| !
Da,aq Oy 6t 3
|
Doy 3 4z Doy bt
! P c) Y s © )

1 1 ! 1 ! 1 1
22 |42 [8x2 |1 6x2 |32x2 |6Ux2 |1 2%

Times everyting by 2

91



92

Samples of Student Work—Grade Eight

Task:

Connecting with a Good Deal

Compare the cost of three long-distance telephone plans on the
assumption that you generally make about 14 hours of long-distance
phone calls per month in addition to local calls. Which is the best buy?
Justify your answer by using T-charts, graphs, or formulas.

Plan 1: Long-distance charges, $0.19 per minute; additional charge
of $65 per month for local calls

Plan 2: No charge for local calls; long-distance charges, $0.25 per
minute

Plan 3: Unlimited long-distance calling for a flat monthly fee of $249;
no charge for local calls

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6

Number and Geometry and Function and Statistics and Problem Solving and Mathematical

Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication
X X X

This problem requires students to use numerical data, calculate and
compare the results of the costs of three different plans, and determine
which is the best buy. Students may represent and compare the three
sets of data by using T-charts, equations, and graphs. They need to
communicate clearly their process and conclusion.

Setting

The task was a take-home problem. Students had one week in which to
complete it. The problem was introduced on a Monday, with students
suggesting several strategies they might use to work on it. The assign-
ment was turned in on Friday, and several students shared their solu-
tions with the class. The assignment was part of a unit on an introduc-
tion to algebra.

Samples of Student Work: Troy and Kathryn

Troy’s work shows the results in the form of T-charts for plans 1 and 2
and shows only the calculated result for plan 3. The chart for plan 1
indicates no cost for zero minutes, an assumption that does not account
for the minimum monthly charge of $65. However, the $65 minimum
charge is included in all other steps. Both plans 1 and 2 show calcula-
tions of charges for the first few minutes, then jump to charges for 840
minutes (or 14 hours) as the typical amount of long-distance time used



Samples of Student Work—Grade Eight

in a month. The representations of the formula for n minutes show
Troy’'s understanding of functional relationships. Apparently, Troy did
not see the confusion caused by using a dot to represent multiplication
and another dot to show the decimal point denoting cents. The
conclusion is clear, and the calculations are interpreted in the context

of the original problem.

Troy’s Work (Connecting with a Good Deal)

Troy
GCood eal
Pon | Pon 2
Min ¥ Min ¥
O .00 | 25
| £¥514 Q2 50
2 6538 32 5
2 L Y 4 ¥l .00
4 656 s 1 {IRASY
840 £224.60 840 21 0.00
n n-. 19+ 500 n n-. 25
Pon 3
¥249<4.00

Condusion: V€ ou make | Y \ours a mont of \0/\5 dstonce cdls

ond x,ou're koking €or T\e d

plon i be plan 2 ot 25

per mn. For 1Y Vours. W m\y omes Yo 2 0.00. Pon 3
atomatically cmes Yo £28949.00. Tve dneapest p\cm s o, Ad

Pon | s $208.60.

Pan | = $229.60

(Pan 2 = ¥210.00)

Pn 2 = £2H44.00

= The best ded
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Samples of Student Work—Grade Eight

Kathryn’s work shows a T-chart for all three plans as well as a graph of
the three equations. The work includes a sentence summarizing the
cost of each plan. A small error in the sentences about plan 3 states
that the plan is “less than plan 3” when it is actually the most expen-
sive plan if you make 14 hours of calls. The summary provides some
evidence that Kathryn is beginning to understand that the steepness of
the slope and the y-intercept of each equation relate to the solution of
the problem and that the points at which the three equations intersect
show the break-even points for the three plans. The work goes beyond
the assumption of 14 hours of calls by pointing out that the costs of the

three plans are similar in the range of 16 to 18 hours of calls.

Kathryn’s Work (Connecting with a Good Deal)

Y\af\r\ryn
Pl {
™M PNC&
@) 6500
| 514 pon one wold
2 6538 \4:5 \"?"7 averace. doot a
3 6557 x 00 min/hoorl §209 60 per
840 £224.60 month phone bill,
n n* l94+6%§ one. o

¥764H0

Pon 2
™M Price
0 % .00 p\on o wolld averase aoout a ¥21 0.00
| Y per ~onth phone bl less then plan 1.
2 50 e o
C WY *l £00
{40 2 0.00 *besf
n n. %
pon 3
™M price
@) *244.00
| £244.00 P three A\ poy $2499.00 every
2 ¥244.00 month. More then p\on 2 less thwen el
3 £244.00 2
840 %£2449.00 one \our
n n=%244.00 £¥244.00
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\(Lf\'\/\(‘\//\

Plone Rates Pl dan 2

- %210.00

180
/

170 4 4
140 4
140 Y/
130 / /
120
110

y
100 /
a0
<0

K 57650,

¥ 50500

70
&0
§0
40

£ w00
o L1 ]

1 234 ¢6 17891001 121311516171214202 228K % 279g

ﬁOU(‘S

\w\Schse.p\an | because.ﬁ'ssbpe\si’\/e\eosfs?eap,m\\pm 3'ss\ope.'.s
rea\\\/ e leost steep, but be'ﬁ"‘s very \/\\5\1\ \€ Wuspen‘\’ doot L6-1% Wwours
of long dstance cllng the prices vwod be amast e)wcﬂy e some €or 1Y and
w\afbewwe\rnxs,yovs\rw\éc\rmp\on 1.
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Samples of Student Work—Grade Eight

Task: Fat Chance Assessment

How healthy is the High Energy Fruit and Nut Bar?

1. List the number of grams of each of the following in the
energy bar: fat, carbohydrates, and protein.

2. Calculate the number of calories from each of the following:
fat, carbohydrates, and protein.

Serving suggestions:

e A 3. Calculate the total number of calories from the fat, carbohy-
...,t — drates, and protein.
s renpiogsE s 4. Calculate the percent of calories from each: fat, carbohy-
e drates, and protein.
:z 5. Calculate the degrees in a circle graph to show the percent
i e of calories from the fat, carbohydrates, and protein.
e % 6. Using a protractor and a compass, draw a circle graph
& showing the percent of fat, carbohydrates, and protein in the
PP onyraos + Prani energy bar.
7. Compare the energy-bar circle graph with the recommended

diet. Is an energy bar a healthy snack? Why or why not?
Explain.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6

Number and Geometry and Function and Statistics and Problem Solving and Mathematical

Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X

The items in this task require students to read and interpret a food

label related to amounts of fat, carbohydrates, and protein in the food.
Students need to convert the grams of each food element into calories
and find the percent of the calories for each element compared with
the total number of calories in the food. Students are asked to represent
these percentages in a circle graph and show their calculations for the
angles of the circle graph. Finally, students must compare their results
with a recommended standard for fat content and determine whether
the fruit-and-nut bar is a healthy snack.

Setting

The questions were part of the assessment given at the end of a unit on
fractions decimals, and percents. The full assessment, which included a
number of other items, was completed within a 45-minute class period.
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Samples of Student Work: Hope

Hope’s work provides evidence that Hope is able to gather the neces-
sary data from the food label. The work shows accurate calculations in
converting grams to calories; finding the total number of calories; and
determining the percentages of fat, carbohydrate, and fat calories in the
energy bar. The work shows correct calculations of degrees for the
circle graph, with appropriate rounding of results. The circle graph is
accurately drawn. The conclusion (item 7) states that the energy bar is
healthy because the fat content is less than 30%, which is the recom-
mended standard for fat in the diet.

Hope’s Work: Fat Chance Assessment

Fat Oonce RAssessment Ar‘sope,

How healthy is the High Energy
Fruit and Nut Bar?

1. List the number of grams of each of the
following in the energy bar: fat, carbohy-
drates, and protein.

Serving suggestions:
Great toasted for quick breakfasts on the run. Makes a great FO* = Q 9_ ?(’01’6'#\ = s‘ 3

sandwich, super snacks for children, and wonderful as a bag

lunch. imagine it with your favorite spread of cream cheese, C_arbo. = % :}

butter, margarine, fam or jelly.

2. Calculate the number of calories from each of

Nutrition Facts

SERVING SIZE 1.5 OZ (42 GRAMS . . -
CEPVING PLB DA aAE2 CRAMS) the following: fat, carbohydrates, and protein.
Amount/Serving YV Amount/Serving “%DV*
Calories 140 Fal Cal, 25 p(‘o‘\'e.‘n carko
Total Fat 29 A% Total Carb. 26¢ 9% q COVS S‘ QG

Sat. Fat Og 0% Dietary Fioer 4% 5 5
Cholest. Omg 0% Sugars 5g % Faf S- ca\/s % L‘ m‘/ﬁ
Sodium 70mg 3% Protein 5g C P) Qo : Pl
Vitamin A0%  »  VitaminC 0% « Calcium 2% ! 104 AL
Iron 8% « Thiamin 14% « Fibofiavin 8% + Niacin 10% .
= e — 3. Calculate the total number of calories from

ercent Daily Values are based on a 2,000 calorie diet. Your daily

values may be higher o7 lower depending on your calorie needs. -

Calories: 2000 2,500 the fat, carbohydrates, and protein.

mE teen & D
Cholesterot Lose than Sogmg 30gmg 1€ + 20 +104 =14 2 CT o‘YaD Cabories
Sodium Less than 2,400mg  2,400mg
Total Carbohydrates 300g 375g
Dty Per I 4. Calculate the percent of calories from each:
Calories per gram: ’ '
Fato  +  Camohydies -+ Proweind fat, carbohydrates, and protein.

G S: High glutin el i )
bariy o, i 128 Vi b Aebotoe Ac hanin ), 13 0 20 o, 102 o
Vitamin B1, Riberfiavin {82)]. Water, Raisins, Whole wheat flour, T = l 3/0 T = l L* /O T . = 73/0
Wainuts, Dehydrated apples, Oat bran, Honey, Malt, Wheat bran, l l“l Q l L’ Q l L‘, Q

Cinnamon, Salt, Yeast. Fa,‘, Pm“,m C—d‘b
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Samples of Student Work—Grade Eight

5. Calculate the degrees in a circle graph to show the percent of calories from the fat,
carbohydrates, and protein.

Fat Pro Carlo

123% =13 19% = .14 3% =13

| 3 x 260°= 18 % 360°= 13 x 360°=
rounded oé%a‘-lb.g% 4y4° §04°=80° 0.8 °= Ao3°

47°+ §0°+ AB° = 30°

6. Using a protractor and a compass, draw a circle graph showing the percent of fat,
carbohydrates, and protein in the energy bar.

* and shovw vWAat peroe.rﬂ’aae
€at = Y7)° f\r\e,\/ of wﬂn‘v\cj
proten = £§0° 4
coroondrates = o3° Example:

5 = 0.95 = %%

7. Compare the energy-bar circle graph with the recommended diet. Is an energy bar a
healthy snack? Why or why not? Explain.

Ves, Tne E—neﬂj\/ Par s \nea\ﬂny. Excep‘\' €or t\e carbo\nyc&(‘a’fes and a itte profien ging
over, it s \ealthy . Because e Fat s | B% and s under The recommended det of 0%
Fat.



Task:

Samples of Student Work—Grade Eight

The Pizza Problem

What is the relationship between a 10-inch pizza and a 14-inch pizza?
How much more pizza do you get when you buy a 14-inch pizza than
when you buy a 10-inch pizza? If the 10-inch pizza costs $7.75, what
would be a fair price for the 14-inch pizza? Why?

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6

Number and Geometry and Function and Statistics and Problem Solving and Mathematical

Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X

The task requires students to connect their understanding of circles
and areas to a real-world decision of fair pricing. Students need to
recognize that the data supplied refer to the diameters of the pizzas but,
to determine a fair price, they need to calculate and compare the areas
of the circles. Finally, they need to determine the ratio of the areas of
the two circles and apply the same ratio to the prices. (Some students
may set up a proportion to find the price, but most students simply
double the price because the area of the 14-inch pizza is about twice
the area of the 10-inch pizza.)

Setting

This assignment was an open-ended item in an assessment of a unit on
area and perimeter. Students worked individually, completing the
assessment in one class period.
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Samples of Student Work—Grade Eight

Samples of Student Work: Elaine and Tonya

Elaine’s work notes the differences between the diameters of the two
pizzas, then gives the correct area of each pizza. Sketches of the pizzas
and the calculations beside the narrative show that Elaine used the
correct measurements to find the areas. However, the work exhibits an
incorrect use of equation notation; thatis, 10+ 2=5x5=25x3.14=
78.5. This string of calculations appears to be a record of the process
Elaine used. The work also shows that she subtracted the area of the
smaller pizza from the area of the larger one and used the difference of
75.36 square inches as the reason for stating that the larger pizza “has
almost twice as much area.” The work shows that Elaine determined
the cost for the 14-inch pizza by first finding the price per square inch
of the 10-inch pizza (.099 or about 10¢). Then she calculated the cost
of the additional 75.16 square inches of the 14-inch pizza ($7.536) and
added that sum to the cost of the 10-inch pizza. The conclusion
includes a statement that restaurants often charge less for larger
amounts.

Tonya’s work shows sketches of two pizzas (the sketch of the 10-inch
pizza is larger than that of the 14-inch pizza) and lists of the radius,
diameter, circumference, and area (without the unit labels) of each
circle. The work does not show the calculations used to determine the
radii, circumferences, or areas of the circles; yet all are correct. There is
an incorrect unit label of inches instead of square inches in the state-
ment that “you will get 75.36 inches more.” The work indicates that
Tonya subtracted the two areas to find the difference between the two,
concluding that “the 10 inch pizza is about half of the 14 inch pizza,”
and doubled the $7.75 price to get a price of $15.50 for the 14-inch
pizza.
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Elaine’s Work (The Pizza Problem)
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(' Mathematics Standards )

First-Year Algebra

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in algebra | who meet the standard will:

= Demonstrate how and when to use the operations of arithmetic, the
properties of those operations, and basic powers and roots.

= Write mathematical expressions and sentences that satisfy given
conditions using appropriate numerical and algebraic symbols.

= Evaluate formulas and other expressions using the rules for the order
of operations.

= Locate rational and irrational numbers on the number line and
graph points on the coordinate plane.

= Demonstrate facility in the use of numbers in the form of ratios,
proportions, and percents.

= Use appropriate computational techniques and tools, supported by
estimation strategies, to solve real-life and mathematical problems.

= Find permutations (arrangements) and combinations (selections) in
real-life and mathematical situations using concrete objects and tree
diagrams.

= Compare numbers of different magnitude using order relations,
differences, ratios, proportions, percents, and proportional change.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Given that x is a perfect square, find a formula for the next integer
greater than x that is a perfect square.

2. Investigate whether or not one can find four odd numbers whose
sum is 27. Explain your reasoning and justify your conclusion. If
possible, generalize your conclusion.



Standard 2.
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3. Show that the product of the least common multiple of two different
integers and the greatest common divisor of the same two integers
are the same as the product of the two integers.

4. Present a convincing argument for the need to have irrational
numbers.

5. There are x*? bacteria in a given mold at 10:10 a.m. Each bacterium
produces offspring at the rate of 2° per minute. Assuming that none
had died, how many bacteria exist at 10:11 a.m.?

6. Find ten right triangles that satisfy these two conditions: (A) all
three sides are integers with no common factors; (B) the length of
one of the legs is an even integer, and the length of the other is an
odd integer. For each of the ten triangles, find the difference be-
tween the hypotenuse and the side that is an even integer. Do you
see a pattern? Show algebraically that your conjecture is always true.

7. Find the greatest and the least values of a certain number that when
rounded to one decimal place is 2.6 and when rounded to two
decimal places is 2.65, and locate the point associated with this
number on the number line.

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in algebra | who meet the standard will:

= Connect the visual and algebraic representations of lines with their
geometric characteristics, such as slope, intercepts, parallelism, and
perpendicularity.

= Use scientific notation to represent large and small measurements
and solve problems using this notation.

= Use coordinate geometry to find midpoints of line segments and
determine areas of standard geometric figures.

= Select appropriate units of measure and apply constraints of signifi-
cant digits when computing with them so as to achieve the precision
and accuracy of measurement desired.

= Use measurements in a variety of interdisciplinary applications that
include dimensional analysis.
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Standard 3.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards are listed as follows:

1.

A pipe one inch in diameter is delivering two gallons of water per
minute. What is the rate of flow in cubic inches per second?
(There are 231 cubic inches per gallon.)

Three different measuring instruments are used to find that the
three sides of a triangle are 5.7 centimeters, 12.345 centimeters,
and 14.23 centimeters. What is the most accurate approximation
of the perimeter of the triangle?

Find the measures of the angles of a triangle if the angle measures
are in a 1:2:3 ratio.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in algebra | who meet the standard will:

Use techniques of symbolic manipulations.

Solve linear, quadratic, and exponential equations using experimen-
tation, symbolic manipulations, and/or graphical techniques.

Use functions to represent mathematical patterns.

Use right-triangle trigonometry to solve real-life applications
(indirect measurements of height and distance).

Use multiple representations of quantitative relationships—verbal,
graphic, algebraic, numerical, or diagrammatic (e.g., rate relation-
ships).

Define and use variables, parameters, and constants in work with
both functions and equations.

Model given situations and interpret given functions in terms of
situations.

Represent functional relationships in formulas, tables, and graphs
and translate among those representations.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

The length of a rectangle of fixed area equals that area divided by
its width. What happens to the width of the rectangle if its length
is halved?



Standard 4.

2.
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If an integer, X, is a perfect square of n (x = n?), find a formula for
the least integer after x that is a perfect square. Explain and justify
your reasoning.

Determine whether the product of four consecutive positive
integers can be a perfect square. Justify your conclusion.

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in algebra I who meet the standard will:

Collect, organize, display, and analyze single-variable data using
frequency distributions, histograms, and summary statistics.

Use sampling techniques to make predictions about large popula-
tions.

Use simple counting procedures (tree diagrams, multiplication
principle, and so forth) to show all possible arrangements or combi-
nations.

Use experimental or theoretical probability or both to represent and
solve problems.

Use the mathematical ideas of dispersion of data (range, standard
deviation of the mean, box and whisker plots, or stem and leaf plots)
to summarize and communicate information about collections.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

2.

Over the past five years, it rained 18, 12, 15, 14, and 20 days during
the year. Approximately how many days would you expect it to
rain this year?

When any two integers from 1 through 9 are selected at random
and then added, determine the possible sums and the probability of
each; generalize to two integers 1 through n.

Contributions to a political campaign were $15,000, $15,000,
$15,000, $18,000, $18,000, $25,000, and $90,000. The candidate
said that the average contribution was $15,000; the newspaper said
the average contribution was $18,000; and the opposition party
said the average was $28,000. Discuss and interpret the meaning of
the three statements.
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Standard 5.

4. You hear that your new neighbor has two children. You see one
child, a girl, playing in the backyard. What is the probability that
both children are girls? Using concrete materials, design an experi-
ment that you could use to simulate this situation.

5. Count the number of raisins in several small individual boxes of
cereal. Display the resulting data in at least three different ways.
Indicate which representation of the data best shows an overview
of the data.

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of
problems when given the basic statement of a problem situation.)

For example, students in algebra | who meet the standard will:

= Fill out the formulation of a definite problem to be solved.

= Extract pertinent information from the situation as a basis for
working on the problem.

< Ask and answer a series of appropriate questions to find a solution
and do so with minimum “scaffolding” in the form of detailed
guiding questions.

= Identify mathematical problems whose solution leads to a useful
resolution of given situations.

= State questions with answers that could be derived from the infor-
mation given in a situation.

= Identify mathematical questions that arise from situations or models
of situations (e.g., features of the work environment, manipulatives,
sketches, graphs, tables, diagrams, and so forth).

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in algebra | who meet the standard will:

= Formulate reasonable mathematical hypotheses or conjectures based
on a general description of a situation and identify any missing or
extraneous information that might help or hinder the resolution of
the situation.

= Select a variety of strategies or approaches to solve problems.
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= Make connections among mathematical concepts or skills in the
solution of problems.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in algebra | who meet the standard will:

= Verify the accuracy and validity of the mathematical procedures
used to solve problems.

= Express problem-solving strategies as a general rule and extend
strategies to other situations.

= Formulate generalizations of the results obtained.

= Carry out extensions of the given problem to related problems.

Mathematical Reasoning. (Students not only make observations and
state results but also justify or prove why the results hold in general.)

For example, students in algebra | who meet the standard will:

= Show forms of mathematical reasoning and proof appropriate to the
solution of the problem at hand, including using deductive and
inductive reasoning, making and testing conjectures, and using
counterexamples and indirect proof.

= Differentiate clearly between giving examples that support a conjec-
ture and giving a proof of the conjecture.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Make a study of student absences caused by illness and find predic-
tors for students in the top 10 percent and the lowest 10 percent of
frequency of absences. Look for predictors related to diet, amount
of sleep, ratio of weight to height, and so forth.

2. Suppose you work for an unstable company and your salary under-
goes changes over a three-month period. In each of the following
situations, discuss how your salary at the end of the three-month
period compares with your salary at the beginning of that period.

a. Your salary is cut 10 percent and three months later is raised
10 percent.

b. Your salary is cut 20 percent and three months later is raised
25 percent.

c. Your salary is raised 10 percent and three months later is cut
10 percent.
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Standard 6.

Develop a convincing argument to explain why the product of two
negative numbers is a positive number.

Explain how you could decide whether the following game is fair or
unfair:

This game is played with two ordinary dice of different colors
(e.g., one white and one red). Both dice are thrown at the same
time. The player wins if the number on the white die is greater
than the number on the red die. The player loses in all other
cases.

A politician stated in a speech that an increase in a budget item
from $10,000,000 to $40,000,000 is a 300 percent increase; there-
fore, a decrease from $40,000,000 to $10,000,000 is a decrease of
300 percent. Explain whether or not this reasoning is correct.

In an elementary school district, it was decided to spend at least
8,800 minutes of instructional time per school year on mathematics
in each class. What questions would have to be asked and answered
in order to develop an instructional plan to meet that requirement?

Mathematical Commmunication

Students communicate their knowledge of basic skills,
understanding of concepts, and ability to solve problems
and understand mathematical communications of others.

For example, students in algebra | who meet the standard will:

Use basic mathematical vocabulary and terminology, standard
notation and symbols, common conventions for graphing, and
general features of effective mathematical communication styles.
Use mathematical representations with appropriate accuracy,
including numerical tables, formulas, functions, algebraic equations,
charts, graphs, and diagrams.

Interpret and explain the problem.

Present mathematical procedures and results clearly, systematically,
succinctly, and correctly.

Describe and discuss mathematical ideas effectively both orally and
in writing.

Explain mathematical concepts or ideas clearly to peers or others.
Read with understanding mathematical text and other writing about
mathematics.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Write a computer program to solve equations of the form
Ax + By = C, in which A, B, and C are any three real numbers.
Explain what the relationship between A, B, and C must be
for the solution to be an integer.
2. Explain, using words and graphs, what effect adding, subtracting, or
multiplying x2 by a number has on the graph of y = x2.
3. Write an explanation for a sixth grade mathematics class showing
why you get the results that occur in the following investigation:
Pick your favorite number from one through nine. Multiply it by
nine. Multiply that answer by 12,345,679. How is your result
related to your favorite number?

4. Make and defend a conjecture about the evenness or oddness of
the product of two or more consecutive integers.
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Geometry

Standard 1.

Number And Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in geometry who meet the standard will:

= Demonstrate understanding of the concept of the distance between
two points and their difference on a number line.

= Use the one-to-one correspondence between the set of ordered pairs
of real numbers (x,y) and the set of points in a plane in the develop-
ment of various geometric entities.

< Compare numbers of different magnitude using order relations,
differences, ratios, proportions, percents, and proportional change.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Show that between any two rational numbers there is always a
third rational number. Discuss what your conclusion implies about
the number of points between any two points on a line.

2. Show that the distances from the midpoint of the hypotenuse of
any right triangle to any vertex of the triangle are equal.

3. Find the distance between home plate and second base on a
baseball diamond if the distance between each base is 90 ft. and a
baseball diamond is a square.
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Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in geometry who meet the standard will:
= Use geometric measures of length, area, surface area, volume, and

angle; and use nongeometric measures of weight, monetary value,
and time.

Use inductive and deductive techniques, including graphing tech-
nology, to develop properties of geometric shapes and relationships
between them (such as similarity and congruence).

Use synthetic, coordinate, and/or transformational geometry in
direct or indirect proof of geometric relationships.

Use standard measurement systems, both metric and U.S. customary.
Select appropriate units of measures to achieve the precision and
accuracy desired for a given situation.

Use right-triangle geometry, similarity, and trigonometric ratios in
the solution of real-life applications (Pythagorean theorem or
indirect measurements of height and distance).

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

A plane geometric figure has a perimeter of 120. What is the area if
the figure is an equilateral triangle? A square? A regular hexagon?
A regular octagon? What can be said about the relative areas of
two regular polygons having 12 sides and 15 sides, respectively.
Generalize for n sides. What is the shape of the regular figure that
will have the greatest area possible and a perimeter of 1207

Decide which way to roll up an 8Y/.- by 11-inch piece of paper to
get a piece of a cylindrical surface that has the greatest surface area.
If you had a top and bottom, which cylinder would have the
greatest volume? Justify your answer.

Given a 3, 4, 5 right triangle, find the measure of the smallest angle
of the triangle to the nearest degree.

For a regular polygon of m sides that rolls around a stationary
regular polygon of n sides with the same side length, how many
times does the first polygon rotate about the second, stationary
polygon? How many times does it make a complete revolution
before the starting position on both polygons is reached again?
Design a scale model of the solar system. Does your scale model fit
into your classroom? Your campus? Explain why or why not.
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Standard 3.

Standard 4.

Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in geometry who meet the standard will:

= Use algebraic concepts and skills in applications (e.g., problems
involving the Pythagorean theorem and volume).

= Solve problems involving proportional reasoning and similarity
relationships.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:
If a one-inch slice taken from a wooden cube left a rectangular
solid with a volume of 48 cubic inches, what was the edge length
of the original cube?

Slice

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in geometry who meet the standard will:

= Use and interpret problems involving probability in terms of areas of
geometric figures.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

Which of the areas in this diagram of a square region could repre-
sent the probability that a basketball player who has a 70 percent
probability of making a basket will make two consecutive baskets?

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of
problems when given the basic statement of a problem situation.)

For example, students in geometry who meet the standard will:

< Fill out the formulation of a definite problem to be solved.

= Extract pertinent information from the situation as a basis for
working on the problem.

= Ask and answer a series of appropriate questions to find a solution
and do so with minimum “scaffolding” in the form of detailed
guiding questions.

= |dentify mathematical problems whose solution leads to a useful
resolution of given situations.

= State questions with answers that could be derived from the infor-
mation given in a situation.

= ldentify mathematical questions that arise from situations or models
of situations (e.g., features of the work environment, manipulatives,
sketches, graphs, tables, diagrams, and so forth).

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)
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For example, students in geometry who meet the standard will:

= Formulate reasonable mathematical hypotheses or conjectures based
on a general description of a situation and identify any missing or
extraneous information that might help or hinder the resolution of
the situation.

= Select a variety of strategies or approaches to solve problems.

= Make connections among mathematical concepts or skills in the
solution of problems.

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in geometry who meet the standard will:

= Verify the accuracy and validity of the mathematical procedures
used to solve problems.

= Express problem-solving strategies as a general rule and extend
strategies to other situations.

= Formulate generalizations of the results obtained.

= Carry out extensions of the given problem to related problems.

Mathematical Reasoning (Students not only make observations and state
results but also justify or prove why the results hold in general.)

For example, students in geometry who meet the standard will:

= Show forms of mathematical reasoning and proof appropriate to the
solution of the problem at hand, including deductive and inductive
reasoning, making and testing conjectures, and using
counterexamples and indirect proof.

= Differentiate clearly between giving examples that support a
conjecture and giving a proof of the conjecture.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Find the dimensions of three right triangles such that in each
triangle the lengths of the three sides and the length of the altitude
to the hypotenuse are all integers.

2. Describe at least two situations in which the result of a calculation
involving measurement must be rounded up (e.g., 8.4 inches
rounded up to 9 inches) and at least two situations in which the
result of a calculation must be rounded down (e.g., 8 ¥/, inches
rounded down to 8 inches).
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Design a running track with two semicircular ends and two parallel
straightaways. If the track is to be exactly 440 yards around,
explain how you would decide the length of the straightaway
sections and the diameter of the semicircles.

Mathematical Communication

Students communicate their knowledge of basic skills,
understanding of concepts, and ability to solve problems
and understand mathematical communications of others.

For example, students in geometry who meet the standard will:

Use basic mathematical vocabulary and terminology, standard
notation and symbols, common conventions for graphing, and
general features of effective mathematical communication styles.
Use mathematical representations with appropriate accuracy,
including numerical tables, formulas, functions, algebraic equations,
charts, graphs, and diagrams.

Interpret and explain the problem.

Present mathematical procedures and results clearly, systematically,
succinctly, and correctly.

Describe and discuss mathematical ideas effectively both orally and
in writing.

Explain mathematical concepts or ideas clearly to peers or others.
Read with understanding mathematical text and other writing about
mathematics.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

When a newspaper ad was redesigned, the original column length
was increased by one-half. To keep the area of the new ad the same
as the area of the original ad, the original width was reduced by
two-thirds. Explain whether or not this is correct and justify your
reasoning.

Given the volume (C) and the floor area (F) of the passenger cabin
in a commercial aircraft, what is the theoretical maximum of the
number of seats that can be placed in the cabin if each passenger
and crew member has no less than 5.5 cubic feet of free space and a
seat-print (on the cabin floor) of between 4.7 and 5.8 square feet?
The aisle space needs to be at least 104 feet long and 2.5 feet wide
in each of the two aisles. What decision factors will further limit
the number of seats that can be placed in the cabin?
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High School
(Integrated)

Standard 1.

Number and Operations

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in number
and operations.

For example, students in high school who meet the standard will:

Demonstrate how and when to use the operations of arithmetic, the
properties of those operations, and basic powers and roots.

Write mathematical expressions and sentences that satisfy given
conditions using appropriate numerical and algebraic symbols.
Evaluate formulas and other expressions using the rules for the order
of operations.

Locate rational and irrational numbers on the number line and
graph points on the coordinate plane.

Demonstrate facility in the use of numbers in the form of ratios,
proportions, and percents.

Use appropriate computational techniques and tools, supported by
estimation strategies, to solve real-life and mathematical problems.
Find permutations (arrangements) and combinations (selections) in
real-life and mathematical situations using concrete objects and tree
diagrams.

Compare numbers of different magnitude using order relations,
differences, ratios, proportions, percents, and proportional change.
Demonstrate understanding of the concept of the distance between
two points and their difference on a number line.

Use the one-to-one correspondence between the set of ordered pairs
of real numbers (x,y) and the set of points in a plane in the develop-
ment of various geometric entities.
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Figure out the smallest and largest values of a certain number
which rounded to one decimal place is 2.6 and rounded to two
decimal places is 2.65 and illustrate it on a number line.

Show that there must have been at least one misprint in a newspa-
per report on an election which read:

Yes votes 13,657 (42 percent)
No votes 186,491 (58 percent)

and suggest two different specific places where a misprint might
have occurred.

Given an infinite four-column table with first row 1, 2, 3, 4; second
row 5, 6, 7, 8; and so forth, show that if any number from the
second column is added to any number from the third column, the
result will be in the first column. Generalize to other combinations
of columns and generalize to a seven-column table.

If 10 percent of U.S. citizens have a certain trait and four out of
five with that trait are men, what proportion of men have that
trait? What proportion of women have it? Explain whether the
answer depends on the proportion of U.S. citizens who are women,
and if so, how.

Show that the least common multiple of a and b, written [a, b], and
the greatest common divisor of a and b, written (a, b), are related
by [a, b] (a, b) = ab.

Show how to enlarge a picture by a factor of 2 using repeated
enlargements at a fixed setting on a photocopy machine that can
enlarge only up to 155 percent. Do the same for enlargements by a
factor of 3, 4, and 5.

Calibrate and check a bicycle odometer. Using data collected from
an incorrectly set odometer, show how to take data about a trip;
then show how to convert those figures into accurate data.

Create a schedule for a ping-pong tournament among 10 players in
which each one plays every other player exactly once, arranging
the schedule so that no players have to sit out while the others are
playing. Try to do the same for a tournament with 16 players. Then
(this is much harder) say what you can about the general case of a
tournament with 2n players. Create effective and revealing repre-
sentations for the schedules.
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Standard 2.

9.

Show that the product of the least common multiple of two
different integers and the greatest common divisor of the same two
integers are the same as the product of the two integers.

10. Present a convincing argument for the need to have irrational

numbers.

Geometry and Measurement

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in geometry
and measurement.

For example, students in high school who meet the standard will:

Connect the visual and algebraic representations of lines with their
geometric characteristics, such as slope, intercepts, parallelism, and
perpendicularity.

Use scientific notation to represent large and small measurements
and solve problems using this notation.

Use coordinate geometry to find midpoints of line segments and
determine areas of standard geometric figures.

Select appropriate units of measure and apply constraints of signifi-
cant digits when computing with them so as to achieve the precision
and accuracy of measurement desired.

Use measurements in a variety of interdisciplinary applications that
include dimensional analysis.

Use geometric measures of length, area, surface area, volume, and
angle; and use nongeometric measures of weight, monetary value,
and time.

Use inductive and deductive techniques, including graphing tech-
nology, to develop properties of geometric shapes and relationships
between them (such as similarity and congruence).

Use synthetic, coordinate, and/or transformational geometry in
direct or indirect proof of geometric relationships.

Analyze geometric patterns, including sequences of growing shapes,
and characterize the patterns in terms of properties of the n' stage.
Use standard measurement systems, both metric and U.S. customary.
Select appropriate units of measure to achieve the precision and
accuracy desired for a given situation.

Use right-triangle geometry, similarity, and trigonometric ratios in
the solution of real-life applications (Pythagorean theorem or
indirect measurements of height and distance).
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Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Use pi (1) appropriately when calculating the area and circumfer-
ence of a circle.

Using a scale and a compass, estimate the difference between two
points on a map.

Estimate the time required to travel between two points on a map
by using an average speed.

A plane geometric figure has a perimeter of 120. What is the area if
the figure is an equilateral triangle? A square? A regular hexagon?
A regular octagon? What can be said about the relative areas of
two regular polygons having 12 sides and 15 sides, respectively.
Generalize for n sides. What is the shape of the regular figure that
will have the greatest area possible and have a perimeter of 120?
Decide which way to roll up an 8%2- by 11-inch piece of paper to
get a piece of a cylindrical surface that has the greatest surface area.
If you had a top and bottom, which cylinder would have the
greatest volume? Justify your answer.

For a regular polygon of m sides that rolls around a stationary
regular polygon of n sides with the same side length, how many
times does the first polygon rotate about the second, stationary
polygon? How many times does it make a complete revolution
before the starting position on both polygons is reached again?
Design a scale model of the solar system. Does your scale model fit
into your classroom? Your campus? Explain why or why not.
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Standard 3. Function and Algebra

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in function
and algebra.

For example, students in high school who meet the standard will:

< Use techniques of symbolic manipulations.

= Solve linear, quadratic, and exponential equations using experimen-
tation, symbolic manipulations, and/or graphical techniques.

= Use functions to represent mathematical patterns.

= Use right-triangle trigonometry to solve real-life applications
(indirect measurements of height and distance).

= Use multiple representations of quantitative relationships—verbal,
graphic, algebraic, numerical, or diagrammatic (e.g., rate relation-
ships).

= Define and use variables, parameters, and constants in work with
both functions and equations.

= Model given situations and interpret given functions in terms of
situations.

= Represent functional relationships in formulas, tables, and graphs
and translate among those representations.

= Use algebraic concepts and skills in applications (e.g., problems
involving the Pythagorean theorem and volume).

= Solve problems involving proportional reasoning and similarity
relationships.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. A certain bacterium divides every 20 minutes. This table gives the
total number of bacteria after several 20-minute time intervals.
Describe a method of predicting the number of bacteria that will
appear after one hundred 20-minute intervals.

Minutes: 0 20 40 60
Number: 1,000 2,000 4,000 8,000

2. Ifaninteger x is a perfect square, find a formula for the smallest
integer after x that is a perfect square. Explain and justify your
reasoning.

3. Determine whether the product of four consecutive positive
integers can be a perfect square. Justify your conclusion.




Standard 4.

Mathematics Standards—High School (Integrated)

Statistics and Probability

Students demonstrate their knowledge of basic skills,
conceptual understanding, and problem solving in statistics
and probability.

For example, students in high school who meet the standard will:

Collect, organize, display, and analyze single-variable data using
frequency distributions, histograms, and summary statistics.

Use sampling techniques to make predictions about large popula-
tions.

Use simple counting procedures (tree diagrams, multiplication
principle, and so forth) to show all possible arrangements or combi-
nations.

Use experimental or theoretical probability or both to represent and
solve problems.

Use the mathematical ideas of dispersion of data (range, standard
deviation of the mean, box and whisker plots, or stem and leaf plots)
to summarize and communicate information about collections.

Use and interpret problems involving probability in terms of areas of
geometric figures.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

3.

Contributions to a political campaign were $15,000, $15,000,
$15,000, $18,000, $18,000, $25,000, and $90,000. The candidate
said that the average contribution was $15,000; the newspaper said
the average contribution was $18,000; and the opposition party
said the average was $28,000. Discuss and interpret the meaning of
the three statements.

The results of tossing a die 100 times were:

Outcome: 1 2 3 4 5 6

Number of times: 10 12 12 33 22 11

Discuss the likelihood that the die is “loaded.” Use mathematical
arguments to support your position.

When any two integers between 1 and 9 are selected at random
and then added, determine the possible sums and the probability of
each; generalize to two integers 1 through n.
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Standard 5.

4. You hear that your new neighbor has two children. You see one
child, a girl, playing in the backyard. What is the probability that
both children are girls? Using concrete materials, design an experi-
ment that you could use to simulate this situation.

Problem Solving and Mathematical
Reasoning

Students use mathematical reasoning and solve problems
that make significant demands in one or more of these
aspects of the solution process: problem formulation,
problem implementation, and problem conclusion.

Problem Formulation (Students participate in the formulation of
problems when given the basic statement of a problem situation.)

For example, students in high school who meet the standard will:

= Fill out the formulation of a definite problem to be solved.

= Extract pertinent information from the situation as a basis for
working on the problem.

< Ask and answer a series of appropriate questions to find a solution
and do so with minimum “scaffolding” in the form of detailed
guiding questions.

= Identify mathematical problems whose solution leads to a useful
resolution of given situations.

= State questions with answers that could be derived from the infor-
mation given in a situation.

= Identify mathematical questions that arise from situations or models
of situations (e.g., features of the work environment, manipulatives,
sketches, graphs, tables, diagrams, and so forth).

Problem Implementation (Students make the basic choices involved in
planning and carrying out a solution.)

For example, students in high school who meet the standard will:

= Formulate reasonable mathematical hypotheses or conjectures based
on a general description of a situation and identify any missing or
extraneous information that might help or hinder the resolution of
the situation.

= Select a variety of strategies or approaches to solve problems.

= Make connections among mathematical concepts or skills in the
solution of problems.



Mathematics Standards—High School (Integrated)

Problem Conclusion (Students provide closure to the solution process
through summary statements and general conclusions and make
connections to, extensions to, and/or generalizations about related
problem situations.)

For example, students in high school who meet the standard will:

= Verify the accuracy and validity of the mathematical procedures
used to solve problems.

= Express problem-solving strategies as a general rule and extend
strategies to other situations.

< Formulate generalizations of the results obtained.

= Carry out extensions of the given problem to related problems.

Mathematical Reasoning (The students not only make observations and
state results but also justify or prove why the results hold in general.)

For example, students in high school who meet the standard will:

= Show forms of mathematical reasoning and proof appropriate to the
solution of the problem at hand, including deductive and inductive
reasoning, making and testing conjectures, and using
counterexamples and indirect proof.

= Differentiate clearly between giving examples that support a conjec-
ture and giving a proof of the conjecture.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1. Make a study of student absences caused by illness and find predic-
tors for students in the top 10 percent and the lowest 10 percent of
frequency of absences. Look for predictors related to diet, amount
of sleep, ratio of weight to height, and so forth.

2. Find the dimensions of three right triangles such that in each
triangle the lengths of the three sides and the length of the altitude
to the hypotenuse are all integers.

3. Suppose you work for an unstable company and your salary under-
goes changes over a three-month period. In each of the following
situations, discuss how your salary at the end of the three-month
period compares with your salary at the beginning of that period.

a. Your salary is cut 10 percent and three months later is raised
10 percent.

b. Your salary is cut 20 percent and three months later is raised
25 percent.

c. Your salary is raised 10 percent and three months later is cut
10 percent.
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10.

Describe at least two situations in which the result of a calculation
involving measurement must be rounded up (e.g., 8.4 inches
rounded up to 9 inches) and at least two situations in which the
result of a calculation must be rounded down (e.g., 8%/ inches
rounded down to 8 inches).

Develop a convincing argument to explain why the product of two
negative numbers is a positive number.

Design a running track with two semicircular ends and two parallel
straightaways. If the track is to be exactly 440 yards around,
explain how you would decide the length of the straightaway
sections and the diameter of the semicircles.

Explain how you could decide whether the following game is fair or
unfair.

This game is played with two ordinary dice of different colors,
(e.g., one white and one red). Both dice are thrown at the same
time. The player wins if the number on the white die is greater
than the number on the red die. The player loses in all other
cases.

A politician stated in a speech that an increase in a budget item
from $10,000,000 to $40,000,000 is a 300 percent increase; there-
fore, a decrease from $40,000,000 to $10,000,000 is a decrease of
300 percent. Explain whether or not this reasoning is correct.
When a newspaper ad was redesigned, the original column length
was increased by one-half. To keep the area of the new ad the same
as the area of the original ad, the original width was reduced by
two-thirds. Explain whether or not this is correct and justify your
reasoning.

In an elementary school district, it was decided to spend at least
8,800 minutes of instructional time per school year on mathematics
in each class. What questions would have to be asked and answered
in order to develop an instructional plan to meet that requirement?



Standard 6.
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Mathematical Communication

Students communicate their knowledge of basic skills,
understanding of concepts, and ability to solve problems
and understand mathematical communications of others.

For example, students in high school who meet the standard will:

Use basic mathematical vocabulary and terminology, standard
notation and symbols, common conventions for graphing, and
general features of effective mathematical communication styles.
Use mathematical representations with appropriate accuracy,
including numerical tables, formulas, functions, algebraic equations,
charts, graphs, and diagrams.

Interpret and explain the problem.

Present mathematical procedures and results clearly, systematically,
succinctly, and correctly.

Describe and discuss mathematical ideas effectively both orally and
in writing.

Explain mathematical concepts or ideas clearly to peers or others.
Read with understanding mathematical text and other writing about
mathematics.

Assignments or tasks that might be used to collect evidence of student
work toward meeting the standards:

1.

Write a computer program to solve equations of the form

Ax + By = C, in which A, B, and C are any three real numbers.
Explain what the relationship between A, B, and C must be

for the solution to be an integer.

Explain, using words and graphs, what effect adding, subtracting,
or multiplying x? by a number has on the graph of y = x2.

Write an explanation for a sixth grade mathematics class showing
why you get the results that occur in the following investigation:

Pick your favorite number from 1 through 9. Multiply it by 9.
Multiply that answer by 12,345,679. How is your result related
to your favorite number?

Make and defend a conjecture about the evenness or oddness of
the product of two or more consecutive integers.
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(Samples of Student Work )

High School

This section contains examples of several mathematics tasks with
samples of student work for each task. The tasks were done by students
enrolled in algebral, in geometry, or in a two-year integrated math-
ematics class. Each task consists of the following:

= Task gives the directions for completing the assignment.

< Mathematics in the Task identifies the Challenge Standards addressed
in the task (usually more than one) and describes the specific
mathematics that students will encounter in completing the task.

= Setting describes the situation (course work, in-class work, home-
work, and so forth) and the time frame in which the sample work
was completed.

< Samples of Student Work describes the mathematics evident in each
student’s work.

Taken together, this collection of tasks is not intended to be a test or
an assessment of the high school mathematics standards. The tasks do
not cover the full range of mathematics that students need to know,
understand, and be able to do. They are merely examples of what might
be included in an assessment or given as classroom assignments.

Most of the tasks are quite small; generally, they are assignments that
may be done in class, as homework, or over a one-week period. Because
most of the work is from only a few classrooms and was not intended as
a formal assessment, this document does not identify performance levels for
the tasks. Teachers from different classrooms, schools, and districts need
to work together to establish performance levels for formal assessments
that will be used to determine whether a student has met the math-
ematics standards. No single task can provide sufficient information to
assess whether a particular student has met a standard. A collection of
work from a student will be needed to make a valid judgment.

The samples of student work included with each task are intended to
be illustrative of high-quality work that can be done by high school
students and may be considered as some evidence that the students are



Task:

Samples of Student Work—High School

progressing toward meeting the mathematics standards. The work
samples are not in each student’s handwriting—they were typed into a
computer. However, they include the actual words (and spelling) and
calculations used by the student; and they reflect, as much as possible,
the student’s drawings, format, and placement of work. Comments
about the work describe the mathematical concepts and the approaches
the students used as well as any errors they made. Most errors identified
in the students’ work are minor. The commentaries do not include the
way in which the classroom teacher addressed the errors with students.
Most tasks include work from different students.

Teachers are not expected to write commentaries about an individual
student’s work similar to those in this section. Teachers and students,
however, are expected to think carefully about the mathematical
concepts for assignments and tasks they do in their classrooms and
about the evidence of mathematical knowledge and understanding
clearly demonstrated in each student’s work. Teachers may want to use
the sample tasks and student work shown in this section as they discuss
what the standards mean, how they are reflected in the classroom
program, and the way in which they are exemplified in the work
students do.

Product of Four Consecutive Integers

Determine whether the product of four consecutive positive integers
can be a perfect square. Justify your conclusion.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X

Students need to understand the terms product, consecutive positive
integers, and perfect square and represent the relationships expressed in
the problem by using numbers or symbolic equations or both. They
need to use inductive or deductive reasoning or both to find the correct
solution, explain their reasoning, and defend their conclusion.
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Setting

The task was a homework assignment in an algebra I class to be com-
pleted over a one- or two-day period.

Samples of Student Work: Student A and Student B

Student A’s work opens with the correct conclusion, and the work
that follows defends that position with an implied but well-constructed
indirect proof. The work indicates that the student understands the
concepts of product, consecutive integers, and perfect square and
recognizes the conditions (three cases) that must be met if the product
of the four integers is to be a perfect square.

The work shows an examination of all three cases with correct use of
algebraic representations for the four consecutive integers and perfor-
mance of the basic algebraic operations of binomial multiplication and
equation solving. When each case culminates in a mathematical
contradiction, the student identifies those contradictions correctly: the
first (shown in solutions one and two) contradicts the opening state-
ment that the numbers are all defined to be integers; the second
(shown in solution three) reveals that the statement is inherently false.
The logical argument is finalized by the closing reaffirmation that the
product of four consecutive integers cannot be a perfect square.




Samples of Student Work—High School

Student A’s Work (Product of Four Consecutive Integers)

The product of €or ansecutive positive wtegers an't be a perfect square.
let A-B+C D=
Then one of the €dlovwing must be troues
AR = (5 2 AL =800 2 AD=82C
The product of Tvwo must equal the product of the otier o n order €or
the product of the €owr to be a perfect square

let A=x1B=x+11C=x+»2% D=x»3

L AR =D 2 AL = 2D
X+ 1) = 6 D+ 3) x # D= 1 X » 3)
x?Fx =x?+ 8+ 6 xF+ X =x?+ Y+ 3
NI N Ve
x =8 *0b X =4Ux»3
=X =X X X
O =Ux + 6 O=X%+23
© b 3 3
-6 =Yy B3 =%
-/M =YYy -3/ = /2
x =-7 ¢ ND des not ok —> x==2 D

because. bot\h are not
pesitive and not wntegers
2 AD = 2C

i +3) =+ 1+ D
x?+ 2 =x? #+ 2+ 2

:&Q 1’)
=3+ 2
&

O =72 Nhb ths is a €alse statement because O # 2

Recause none of twese Twree possiolities vwork, the pro&:d‘ of €our anseastive

pitive ntegers conmot be a perfect squore
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Student B’s work shows a clear understanding of the nature of positive
consecutive integers and the conditions that must be met if the product
of four such numbers is to result in a perfect square. The work also
displays number sense and mathematical efficiency by correctly recog-
nizing the combination of pair-wise products most likely to produce
identical results; namely, the first integer times the fourth and the
second integer times the third.

The work shows that the algebraic notation x? is assigned to the perfect
square and variable names (A, B, C, D) to the integers. By failing to
assign notation to the integers that defines their relationship to each
other (i.e., n,n+ 1, n+ 2, n + 3), the student misses the opportunity of
generalizing the results.

The work shows three examples using sequences of four positive
consecutive integers (single-, double-, and triple-digit integers) in
which integers are paired and products compared using the approach
described earlier in the work. An inductive conclusion is stated at the
end of the work. Although the correct conclusion follows from well-
chosen and clearly constructed examples, the work could be enhanced
by a generalization demonstrating that the result holds for all sequences
of four positive consecutive integers.



Samples of Student Work—High School

Student B’s Work (Product of Four Consecutive Integers)

Ve e pro&;d o€ €owr consecutive positve ntegers vwere Yo eq,ua\ a peréed‘
sqore &, F woMd mean Pat i€ oo multiply a specific Tvwo togetiner Yoo
wod get X and € you multiplied The other Tvwo numbers together you \wold
a\so\fu\/e.XFore.xMP\e,'ff\f-eanbersRB)CﬁDwemmm\/eor\eo-e
e ombunation \wold \ave Yo be true

AxB =X & CxD =X

AxC =X & B8xD =X

AxD =X & B8xC =X

(XY(X) =X
W oM mest tkely be A x 1O = X and B x C because A veoM be e least
ad D e greatest number. Tor this to happen s not possble \whenever you
Mu\i".p\e,AxDméCnyoune.\/ex‘ et the same ansvver. Onepro&x‘l'\s
awvoys 2 more Pon Te ofhrer.

Numbers: 1, 2 3 Y Il xbY =4y 2x3 =6
20, A, 2 23 20 x 33 = Y460 I x 22 =462

LOL, 102 103 104 [1OL x 104 = 105041102 x 103 = | 0806

Asyouamseeywne\/er‘ %t fvwo products of the same vale. <o it s not
passiole. €or Y consecstive positive witegers Yo equal a perfect square.
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Task:

Analyzing Election Results
Show that there must be at least one misprint in a newspaper report on
an election which read:

Yes votes 13,657 (42%)
No votes 186,491  (58%)

Include your work and organize it so that your conclusions are clear.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X

In this task students need an understanding of the concept of percent
and how percents are calculated from given data. Students will also
need to form and express at least one “if-then” type of relationship
designating certain data to be assumed true and, thereby, rendering
other data false. Students need to state clearly their speculations about
possible errors and indicate the corrections they make.

Setting

The task was completed in class with 30 minutes allowed for both the
initial work and the revisions.

Samples of Student Work: Student C and Student D

Student C’s work shows the use of estimation skills to compare the
difference in the number of no votes and yes votes (a comparatively
large number) with the difference in the reported percentages (a
comparatively small number). Throughout this work sample, all
calculations are correct, and explanations are presented clearly and
economically.

The work goes beyond the notion of miscalculation and addresses the
notion of misprint by suggesting two creative alternative adjustments
to the printed statistics that could account for the discrepancies and
make the report correct.



Samples of Student Work—High School

Student C’s Work (Analyzing Election Results)

Yes votes | 36877 (B 2%) Acax’&nﬁ to Y\ws data pf"-n‘\'eA b/ e

b wotes | 8oHAl (§%¥%) neyvspoper, the d€€erence v e
number of wotes s | 72834,
Thvwever, Twe d€€erence n The
recrded percentoces s only | G%.

Us.ng The given data, e resits solMd actualy be!

1 8614l + 36857 = 200149 Therefore, Usng The given numbers,
The percentace of ves votes oM be

1| 8oHd4l + 2001498 = A43.2% opprovmately ©.8% nstead of e
recrded Y%, Thwe percentoge of O

| 36877 + 200148 = 6.8% votes sl be A3.0% wnstead of the
recrded §8%. Conseqrently, the
nexvspoper must have made at leost

one r_«)isg_"g‘\'

Go'-ng one step ﬁ_xﬂmer, \ beleve That thwe nevvspaper misprnt ocourred v the
numbers | BEHAlL and | 3687, The number | BGHAl o e dranged to

1 8HAl or e number | 36577 cn be dronged Yo 1 30,687). The resits
oM then be:

1884l + 1368 = 321 4¢€ 1 206577 + 18644l = 317214¢
1 814al + 22UYE = §B% or 120687 + 314G = Yo%
13687 + 3218948 =4342% 1 goHal + 317148 =58%

B‘/ drongng the numbers the resMs \work out p(‘oper\./
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Student D’s work demonstrates an essential grasp of the mathematics
relevant to this situation. The mathematical calculations, in an alge-

braic format, are carried out on the left, with observations based on
those calculations written on the right. First, the percentages are
assumed to be correct; subsequently, the vote counts are correctly
shown to be erroneous. Then the vote counts are assumed to be
correct, with proper mathematical calculations proving that the
percentages are faulty.

A degree of weakness exists in this sample because there is little
communication that either introduces or specifies the problem. Nor is
there any summary of results or a feeling of closure brought to the

investigation.

Student D’s Work (Analyzing Election Results)

X _ Y2
20014% ~ 100
100 x = SHOGA &
X = 8406216
| 8644l
| 3657
2001 4 ¢
X
2001G¢ = 5%

x = | | 608584
126877 x
20014 ~ 100

| 265700 = 2001 Y8¥x
X = 6.%%
lgoqal  x
20014¢ ~ 100
x = 431

!!}\sggﬁs
1) H2% of 200l 98 s not | 3687,
¥s Y0621 6

D §8% of 200,148 s not | BoHAL,
¥'s |1 6085784

2D 13687 s 6.8% o 201HE, not H2%.

U) 18644l s 431 % of 200l 48 not
§%%



Task:

Samples of Student Work—High School

Target Probabilities

Juan believes that if you randomly threw a dart at the target shown
below, the dart would more likely hit the bull’s-eye (inner circle) than
the outer ring. Do you agree with Juan? Assume that you hit the target
every time and that the probability of where a dart hits is proportional
to the area of each ring of the target. Explain your thoughts and prove
him either right or wrong.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning Communication
X X X X X X

In this task students need to recognize the radius of a circle, apply the
formula of the area of a circle using the appropriate radii, and identify
areas that need to be compared. They also need to understand prob-
ability as a ratio of numbers and geometric probability, in particular, as
a ratio of areas.

Setting

The task was completed in a geometry class period with about 20
minutes allowed for completion of all work and writing.
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Samples of Work: Student E, Student F, and Student G

Student E’s work shows a clear understanding of the underlying

concepts involved in the task. The student carefully describes all
calculations made in determining the circular areas and correctly
relates the areas of the inner circle and outer ring to the relative

probability that either will be hit.

An error is made, however, in that the student appears to construct the
ratio of the areas as 1/1 and to regard this as the significant probability.
A few sentences later, in summary, the student implies an understand-
ing that there are two probabilities of the same value on which the
correct conclusion is eventually based. In this piece the student ex-
plains why the picture tempts us to think that the inner circle is more
likely to be hit, but stays with the stated generalization about the
mathematical probability.




Samples of Student Work—High School

Student E’s Work

QDuon s \~rong, The outer fng s e exact some area as e bulls eve.
To €\9ure, Tis prob\eam out, | Used area. The area of the bulls ep s

A= TP
A = T3
A= TE

A = 2827433389
Next \ €\3\)(‘e.3 e area of the midde NS,

A = TP
A= TH?
A=TlG

A = §0.265H8 6
ren | sbtracted e bulls ee €rom the mdde ring to give the area of the
sur€ace of Thal ring of The dart Target
0265986 - 282433388 = A 99l | YE5T
Then \ €igured The area o€ the outer ring

A = T2
A = TE?
A= TS

A = 7853981 634
ren | sbtracted thne nd g (e | st ﬂcju(‘e,)
7853981 634 - SO.25HE 6 = 28.20)H333%%

The area o€ e bulls efe and the outer ring are The exact same size.
Therefore, T\re proodoility s (I

20t one Thing to take into ansideration s that the bulls ee s dl n one
p\ace, a greater vWole section \Wwhen thwe outer rng s wore ‘spre.cxy out be-
couse. e bulls ep s n one plae T might be essier To Wt it but wathh-
ematicaly The proodblity s exactly the some. Therefore, Juan s \~rong.

2B N)Y333¢%

WA 33388
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Student F’s work shows that the student has a good intuitive sense of
the situation. The significant circular areas are correctly calculated by
substituting the appropriate radius into the proper formula. The correct
subtraction is made to isolate the area of the outer circle. The student
draws an appropriate conclusion by comparing the size of the areas
involved.

Student F's Work (Target Probabilities)

T[(‘Q

21 B+ 1 + 1)
24 -5

2148 Q5 = 7¥s8Y

Rrea of \wMole arde

uwunnu

T[(‘Q
214 3 -3
218 & = 280

A{‘ea o€ wnex c'.r‘c\e,

nwunu

7884 - GlU@B +1)D
AN RN CAR ICEER D))
78849 - GlYd )
1854 - S0

28.2)

Area of outer crde

L B B L

RAs YU con P\OM\‘-/ see, e aress of The Thwo spots on the Yarget that Dumn
s fa\\ﬂ'.na doout are Te same size. T \al means Twat you \ave e same
Adnance of Wittng The bu\\se)fe as oo d of Witng the outer cing QDuon s




Samples of Student Work—High School

Student G’s work shows the necessary and correct calculations of the
circular areas. This part of the work would be substantially enhanced
by adequate labeling or other communication regarding the purpose for
these calculations.

The calculations of the probabilities for hitting the inner circle and
outer ring are shown and adequately labeled. The final summary brings
closure to the task and an answer to the question asked.

Student G’s Work (Target Probabilities)

Big Cirdes r =5
Tr? = Prea
Med ardes r =4
Prea of oll: n&)? = 1854
)7 = $0.97
Outer ringt n&)? - )2 = 28.2)
SMall ardes r =3

n(3)3? = 2.0}

Med ring: TH)? - (3)? = A A4
287 o WA o
e = % e = 6%
dronce of Wittng dronce of Wittng
oster rng small arde

\€ a dart s Tvorwn rondomly at that dort Yoard, there s an equal dnce of
Witng eifher the small ande or outer rng Jun s ywrons.
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Task:

A Parabola Group Investigation

You already know that y = x2 is a parabola and how to shift it around.
Investigate what happens when you change each of the constants, a, b,
and c, in the equation y = ax? + bx + c.

Each group is responsible for a detailed, thorough report on this ques-
tion. Your report should include at least the following:

= A description of how the group organized its investigation. What did
you do? In what order? Tell exactly what each person did. Your
method should show evidence of a systematic approach.

= Plenty of relevant examples, including T-tables, graphs, or diagrams
where appropriate.

= A detailed and thorough summary of what you observed.

= Each individual’s own evaluation of this project. Comment on how
your group worked together, what you thought of the project, and
how you think it could be improved. Comment also on your group’s
approach. What would you do differently? What would you do the
same if you could start again?

= A brief presentation to the class (5 to 10 minutes) using overhead
transparencies.

Mathematics in the Task

Standard 1 Standard 2 Standard 3 Standard 4 Standard 5 Standard 6
Number and Geometry and Function and Statistics and Problem Solving and Mathematical
Operations Measurement Algebra Probability Mathematical Reasoning ~ Communication
X X X X

This task requires students to investigate what happens when constants
are changed in the standard form of a quadratic function. It requires
that students have an understanding of and an ability to represent
guadratic functions as equations, T-tables, and graphs. Students must
communicate about the mathematics involved when they plan their
work with others in small groups, when they record individually in
writing their findings and conclusions, and when the groups present
their conclusions to the class.

Setting

This task was done in small groups of four students near the end of the
year in an algebra | class. The students worked on the task one day in
class and completed it as homework over two nights. Group presenta-
tions were done during another class period. A group assigned each
member a specific part of the task, and individuals shared their findings
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with the group. Each person was responsible for turning in a complete
report containing the work done by the other group members and
individually written summaries and conclusions.

Samples of Student Work: Student H

Student H’s work includes the following parts: (1) the method of the
investigation, which appears below; (2) analyses of changing each of
the three constants and of changing all three (pp. 143-149); (3) an
evaluation of the investigation (p. 150); and (4) copies of overhead
transparencies the group used (pp. 151-152). Student H completed
parts 1 and 3 independently and included work from her three col-
leagues plus her own work for Part 2. The method of investigation
describes which task each member was assigned to analyze and the
conditions the group agreed on to keep results comparable and why
these conditions were made. Part 2 includes Naomi’s analysis of
changing a, Jan’s analysis of changing b, Owen'’s analysis of changing c,
and Student H’s analysis of changing all three constants. Student H
wrote her own summary statement on the bottom of Jan’s analysis
because Jan had omitted a conclusion. Student H’s evaluation of the
investigation includes some concrete suggestions for approaching the
problem differently if it were to be done again.

Student H’s Work

Group \n\/e.shgai‘m: O met\od of wvestigation

W order Yo carefUlly analyze \ovw eadn of the anstonts, o b and ¢ dranged
The pardodla \n&\/\&n\\\/) and Then Yo determine \ovw the pardoola wold e
af€ected € dl of e constonts \were c\fmged ow group decided on te €ollonw

approochi

| . Badn mdvidua \old grap The equation v = 2 +x +1. Tas eqgiation

Wida

a=l,b=1l,amdc=1, o be e,\/ex'\/mefs orignal graphh and eqgiation.
2 Swce Phere \were €four of Us n the grovp, three people ol eadn Toke

one anstant To dnge and e €ourtn person would dronge ol Twree of
e onstants af e same Time. We Then decded that:

Noom \wold e r‘espons’-b\e, €or ma\xf?_\nﬁ e effects of c\/ma'ms o

e Jon vwold be r‘espons\b\e. €or ma\y?_'.nﬁ e effects of drangng ‘b’

O\ven ol e (‘espons;b\e, €or ma\\/?_'.na e effects of c\/ma'.ncj ¢
\ Vol be (‘espons\b\e, €or ma\yz‘.nﬁ e effects of drangng a\ e

onsTants al once.

141
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2.\ order Yo keep Noomis, Dan's, amd Oh\ven's results compardole, \we agreed
Tat 1’\r\e,\/ \would on\\/ c\mvxae, e ovwn onstont and The othver Tvo con-
stants remain equal to |,

Y. W order Yo \<e,e,P al o€ our results mpcmab\e but shll comprelnensive, \we
decided to drange our anstants To the some Values. Pesides e o("-cj'ma\
eqyiation (WMere a, b, and ¢ \vere al equal Yo 1) we \wold eadn Sraph
another €ive equations.

* Yo wveshicate vhen the constant(s) \was/\were c\nan%S Yo d€€erent
positive Values, eadn person wold drange the anstont(s) o 3 and 'S

* Yo wveshicate vhen the constant(s) \was/\were c\nanse) Yo d€€erent
negative Values, eadn person would c\/mﬁe, e aonstant(s) o -3
and &

° Yo \n\/e.s‘\"ﬁa‘\'e vwhen the onstant(s) 3d ot exist af adl v e eq}ua‘\".o/\,
eod\n person would c\/mﬁe, e aonstant(s) to O
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Ny,
C.\rm5h5 a
4
=|4° <+ lx + | X 2
Y b 4{* .
avhe =38 -36 0 5 |3 ‘
b & c=1 l 2 ‘
0 | :
- |
g 2 ~lo <% -6 -4 L, 2 4 & %0
=2 9) »
08| 0% ~
-t
y =37+ bx + 1 1o
'lf
¥4
x|
- (1 ,:
E)l 13 ¢ Tve pa(‘a‘oo\o gels narrovver
4 & 4 when A gts €urther avvoy
-2 \& €rom O
-8 b ¥ -2 2 4 ¢ g b
-7
-4
-
2%
y =63+ Ix + 1 24
| |
2 10
-2 {51
1 | & 1
0O | T
4 17 %
—Q % {2
/o
4
é
¢

-6 -4 -Z o0 2 4 ¢

143
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y=_3x9+lx+l

x|y
2 | -3

-1 -3

0 |

-1 -1

2 |

\/ = XQ + \x + ‘
x|y

-2 [ -2

1| €

0] |

-1 -3

-2 1 -7

y=ox9+l><+l

e 4

4_yﬁ24—é
L

Al t\e para‘oo\a s a vertex
o€ (01D

When ‘a s zero, e
roph s a Yneor Yne

X1y
32 |2
2 |-

1 |0
o | 1
L2

2 |3

{

2 3 4 5
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\ 7

o |1

1| 3

2 | €
3 | €

4 | 3
28| €08

2 s
| 2
0 |

-1 2
-2 s

e

S (poge D

Crangng B

When vou drange the
onstont vale of thve
vardble b and leave the
Ve o€ a & cas |. ..
Then the prdododa itsel€
&esn't redly dronsge just
¥s positon on the graphh

Tve positive numbers
Pro&xe) negative Verties

wale e f\eyl‘h\/e Vales

€or b pmw positive
ones. Al the parabo\as

ope.nea Yo t\e po:d'\\/e.

(written by Student H)
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Ovven

o e ¢ varadle affects thwe graphn of e eqvation o + ox + ¢ = y

fald=1 xF+x+l =y

W3 |2 |- |-£10 |1 |9

J7 12 [V |25t |3 |7 )
fakd =1 c=44% P+x-§=y i
W23 |2 -l 10 |l |2 |-&

Jv T2l <3]v |2

c =5-3% x9+x-3=y

x| 2 -2 1-1 |-£]10 || |2

Jd3 |+ |3 |33+ |3

c =50% x9+x=\/

x| 3 |2 |- [-£]0 |1 |2

yl @ lQ IO |-_%‘|o IQ Ie _
c =§3% XQ+X+3=‘/

|3 |21 |-510 | | | 2

Ja [ [2 29512 [¢ [«

c=€5% X +x+8§=y

W B |2 1l 1-£10 1 |9

g 11 |7 |& [vas]s |2 |0

Tws proves That the ‘¢ Vardde s twe y wntercept o€ The equaton.
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Student 1y
C\rm5'ur\9 al varidoles Yo ST

) a=1l,b=1,c=1 *?\rncxfa\ueeq)w\s‘\'\ney-hfemep’f
@D a=3b=3:=73 *fb\e.Verfea(sx—Va\\)e\sa\\,va/s—OS_
B a=§v=§ =% * the y—values €rom \when g b, and ¢ are
Q) a=-3b=-3=-3 positive and the y—~Values €or \en g, b,
& a=-Cbv="9Ec=-9¢ m@qwenesa’r\\/eor‘e,opposd'esofeac\n
©) a=0,=0=0 other

* the yvalve of the vertex s pusitive
when a b, and ¢ are positive and the -

D) " vake of Tne vertex s nesative \When o,
y=x9+x+l b,macarenexjoh\/e.
* e €urther avay €rom zero the Volves
X y €oro,b,m3car‘e,‘\'\rzsfezper1’\zﬁ
3 13 sbpe, of e par‘abo\a.
? ; * fle vertex is Vectialy the vohe of o
o | b,o(‘c&\lwbs/"’mﬁsawaffm
1 | f\rxe\/\/o\uesor\,mnx=lméx=
o) 2 0.
2 ) * the vae €or a or b or ot Vakes
0§ 0% ontros e porobo\a’s steepness.
-4 X © 2 u*w\'ma,hmac,eq}w\o,‘\'\nearap\n\s
the sx-ais.
1
(®)) (CY;
=2 +0x +0 4 =32+ 3 +
y y = 3
2
Xl vy 3
3 0 x 1 gy
o) @) 2 A
| 0 -2 c 2 | A
0O O 0 3
051 0 -2 D& | 2%
4 0 4 3
2 |o 2 |«
3 ) -4 ) A
-4 ). Q Py




| &
|
0%
0
0.8
-l

-1 .&
-2
-5

2395
Sy
LY
§
CACY
pe
885
5y
POy

2

2
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Student 1
('\Imﬁlﬂﬁ al Vardbles
Poce. 2
@y=5&t+5+S Wy=32"H-3 Ey=-52-%-§
1y b SR, N S—
2 ! L& | -B39¢%
| -4 | -1 &
0 -3 05 | 8%
05| 2% 0 £
-1 3 05| 2%
2 | A -1 £
32 | A -1 8%
2 | A8
25| R
-4 -2 O
) 2
!

b1

-1o

-8

o

-

€

-10|

149
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Student N
Pardoola Group \/\\/e.shcjai’mt BEVALUATION

For s wvestigation, Wy group vworked Toge’r\nex' and everyone \nad eq)ua\
responsioilifies, \wWhidh eadn of us 3 el The €irst 30\/, eodn of Us dose a
spec\é'.c onstont or constants Yo c\rmj*e and \~e \~ere n c\na(‘ge, of 9(‘0P\f\'\\/\<j
and cma\x/z&ncj e (‘e.su\i".ncj <j(‘aP\AS of twe eqyation \~ren m\x/ ot one on-—
stant \~waos c\rmaeA and e other T\wo \42.91’ onstant, or, n ™My cose, When all
of e onstanls \were c\nanﬁe@ af e some e, | Pank Pat twis \wos a
9003 ond systematic appf‘oac\r\, and because The numbers That \we c\ncmﬁe@ a b,
m&c?owereéec@ec?onbya\\creusi‘obe,—g:—g,o,g,maggwcj(‘cp\ns
were mpo(’ob\e Yo eadn others. Alsy, since \we dso aﬁreeé Yo ol Sraph the
eqlua‘\'\on vhen dl of the onstants were |, and Prat vhen the onstant n
The equation \was not Fng To e, c\rmae) Yo &, -30 3 or § Yo \ie,e.P
Pat anstant |, thwe (‘e.su\‘hnﬁ 5{‘0{3\/\5 of eadn porson \~ere coMPct(‘ab\e Yo the
ot\er 3(‘063\/\5 of that person ond any Variatons n e 9(‘09\@ or any MmN
€actors w1 The 9(‘09\/\5, vwold be noticed.

\ Trougat that This \was a g0d project becouse it helped Us see \wAnat
eadn anstant n The equation 1/ = ax? + by T ¢ aontributed to the Grap\n and
s bocaton. We an use t\is knovledge later on \vwhen e gropla pardoolss to
dreck and make sure Tat the pardoolus \have been graphed arvectly by com-
parng eadn term of the pa(‘abo\a’s equation Yo the part of the graphh that
i ontros and seeing € these hvwo things ao(‘respon&

The next twie My Group des Tis, | ol ke Yo \leep The approaca ot
having The constants c\rmge,Q Yo numbers Tt everyone n Thhe group used, Yo
\ave The \Mc\r\anaeA Varidbles remain a number that s a\woys e same, and
Yo \ave this ka\wa\/s-‘\‘\ne.—scwyef number replace all of Thhe cnstants n a
“control 9(‘6\63\/\’, and a ‘control eq)uai"mn s That everyone \as something To
compare Their ofher graphas Yo Tovever, the next twe | vwould hke Yo
expand on our process and \Wave g, b, and ¢ danged Yo numbers \Whidh are
ot s0 dose n Value, sudh as Yo -1 2 -8 Y, 0, G and | 2 and to \ave
\wo antrol grovps, \Where n one group, A\ of Te onstonts are |, 0 that
e graphs n Whidh onstants \were c\lmaeé To positive numbers \ave a
compardole graph and To \ave dll of Tlhe anstants n The secand antrol group
c\r\cmaeﬁ Yo -l = Pt the grap\as n \Whidh aonstants \vere c\rmfjeA Yo
negative numbers \nave a compardole grapha,
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These were the overhead materials that the group used to present their findings to the

class.

ResMs
C)rmg’ng A -

Wt determines € thve Pam\oo\a opens vp or dornen

C\rmg'ng 2 -

\t determumes the lcaton of the graph (r"-g\/\t e, up, o)

C\rcv\a'nﬁ C -

\t determmed the loaation of the y-intercept

g=nd+ 3+

C_\fmgmg 2

Cranging A
Y=-2st-{nct
X

g2 |

C\/mcj'nng C

Yow the 'C'
Varable at€ects
e gropW

151
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(Group overheads, p. 2)

C,\fmﬁ'\nf/; al Varbles

\/\N\en a, b, m3 C qu
\ave valoes of | : The combination of
. dranging botlh the a and
y=x Fx+ | b Vorables determined
e Width and s\ope. The
%"“{‘; ¢ Vardole still determned
2 g) e y—'.n’rexcept Thwe -
é) 13 Valve €rom WAen a b,
o0& o0e ond ¢ are positive ond the
-l i y—~Vales €rom When q, b,
—g 2 oand ¢ are negative are
- L oppasite of eodn other.
.-:l- J'L ; o 2
\When a b, and ¢
\Wave vales of 3
. \When o, b,
y =3 + 3+ 3 and ¢ ave
Vakoes of -3
x|y
? 31 y=-22-2%-3
0O 3
08| 225 2
-1 3 -
2 |a =
2 | 081 -2.25
-3
<
-




